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Liquefaction analysis is one of the most challenging issues in seismic geotechnical
engineering. The unknown factors and pertinent uncertainties involved in the
evaluation of liquefaction potential make the problem to be complicated. Lique-
faction evaluation include deterministic and probabilistic methods. Deterministic
methods are simple but they are not capable to consider the uncertainties. With
regard to heterogeneous nature of the soil and probabilistic nature of earthquake
loading, it seems that deterministic method is not sufficient for evaluation of
liquefaction. Reliability methods are able to capture the uncertainties depending
on variability of soil parameters and also to determine the factor of safety pro-
portional to the acceptable risk. In recent years, reliability analysis of liquefaction
has been done using approximated method. In the present research, reliability
analysis of liquefaction triggering has been discussed using Monte Carlo simula-
tion that is an accurate method. For this purpose, the parameters earthquake
magnitude (Mw ), maximum horizontal acceleration (amax /g), total stress (σv ),
effective stress (σ'v ), fines content percent (FC), and SPT blow count (NSPT) are
selected as stochastic parameters and the probability of liquefaction has been
estimated. Application of the proposed method to the 233 well-documented
case studies verify that deterministic method is not accurate enough to predict
the liquefaction and reliability analysis should be used instead. Besides, the
sensitivity tests indicate that the SPT blow count is the most influential parameter
in liquefaction evaluation and large number of iterations is not required in Monte
Carlo Simulation and the results converge after a specific number of iterations.
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ABSTRACT

1. Introduction

The requirements of reliable design of structures
subjected to strong ground shaking have attracted the
attention of many researchers. A designer should
consider pertinent problems of liquefaction in view
of the safety of the structures. The soil liquefaction
phenomenon is an important issue of concern to
earthquake geotechnical engineers in recent years.
The liquefaction phenomenon happens when sat-
urated granular medium loses its shear strength due
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to the increase in pore water pressure under seismic
loading. With the occurrence of this phenomenon,
saturated sandy soils will lose their strength and soil
particles will flow. According to the case studies, soil
liquefaction is one of the most important reasons of
damages to lifelines, buildings and infrastructures
during earthquakes. Liquefaction can cause large
displacements in the ground, soil failures, reduction
of bearing capacity, differential settlements in
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foundations, and sand boiling. This phenomenon
has been observed in many earthquakes such as
Alaska (1964), Niigata (1964), Loma Prieta (1989),
Kobe (1995), Chi-Chi (1999) and recently at Bushehr,
Iran (2013). The expenses of soil improvement
techniques are usually very high, hence accurate
evaluation of soil liquefaction potential can reduce
the overall cost of the projects in addition to guaran-
tee the safety of the project.

Selection of geotechnical parameters is always
one of the challenging issues to geotechnical
engineers due to the uncertainties of soil and rock.
Engineers usually apply large safety factors to
consider the uncertainties. Although, this approach
makes the projects to be a rather expensive but
not reliable enough because there is no explicit
relation between factor of safety and probability
of failure, and it makes the engineering judgment
to be complicated [1]. In recent years, probabilistic
methods have been extended to overcome this
deficiency.

In general, it is possible to categorize the
geotechnical uncertainties into two groups: inherent
uncertainties and epistemic uncertainties [2]. Soil
inherent uncertainties are due to the nature of
variability of soil parameters in different locations
and time. With regard to the nature of these
uncertainties, the effect of them should not be
disregarded. The second category of uncertainties
is because of the lack of information and knowledge
in geotechnical engineering. Epistemic uncertainties
include the measurement errors, statistical un-
certainties, and model uncertainties [3]. Uncertain-
ties related to design parameters obtained from
laboratory data are among the second category.
Measurement errors could be due to apparatus
or user errors [4]. Model uncertainty is also the
result of idealization of physical models [5]. It is
possible to reduce the epistemic uncertainties by
increasing the number of samples for testing and
observations. Considering the uncertainties in
geotechnical engineering, it is not recommended
to take soil parameters with deterministic values.
On the other hand, the appropriate method is to
use probabilistic approach to find soil parameters
for design purposes. Reliability methods that are
based on probabilistic approach provide the oppor-
tunity to quantify the uncertainties and can be used

as a supplementary tool for deterministic method
[6]. Reliability methods are able to capture the
uncertainties depending on the variability of soil
parameters and to determine the factor of safety
proportional to the acceptable risk.

This paper deals with the probability of lique-
faction under dynamic loadings depending on the
variability of affecting parameters utilizing pro-
babilistic analysis. The advantages and disadvantages
of the deterministic and probabilistic analysis of
liquefaction potential are also discussed.

2. Deterministic Evaluation of Liquefaction
Triggering

The most conventional procedure for the lique-
faction evaluation is simplified stress method.
This method has suggested by Seed and Idriss in
1971 and has been reviewed several times [7].
Although there have been considerable advances
in understanding of seismic ground motion and
liquefaction phenomenon, most of the researchers
involved made minor modifications, and the sim-
plified procedure preserved its main structure.
However, simplified stress procedure has been
extended based on in-situ tests results such as
Standard Penetration Test [8-16], Cone Penetration
Test [12] and [17-22] and Shear Wave Velocity [12,
23]. These methods compare CSR (Cyclic Stress
Ratio) and CRR (Cyclic Resistance Ratio) and
calculate the factor of safety against liquefaction
potential [24]. In the present research, the most
recent simplified method, which has been developed
by Idriss and Boulanger [16], is used. The CSR is
given by Eq. (1):
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where maxa  is the maximum horizontal acceleration,
g is the acceleration of gravity, vσ  is the total stress,

vσ′ is the effective stress and dr  is the shear stress
reduction factor.

Cyclic Resistance Ratio (CRR) is usually corre-
lated to an in-situ parameter such as Standard
Penetration Test (SPT) blow counts (N), Cone
Penetration Test (CPT) resistance and Shear Wave
Velocity. Idriss and Boulanger [16] have used SPT
results and proposed Eq. (2) to calculate the CRR.
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Finally, the factor of safety against liquefaction

is determined by the ratio of CRR to CSR as given
in Eq. (3). It is obvious that if FS < 1, liquefaction
occurs, and for the case of FS > 1, it is safe.

CSR

CRR
FS

'
vw ,M 0σ=                                                (3)

For a comprehensive explanation of the method,
the interested readers may refer to Idriss and
Boulanger paper [16].

3. Reliability Analysis Methods in Liquefaction
Analysis

Reliability analysis methods are usually divided
into three categories: analytical, approximate and
simulation methods. In analytical methods, pro-
bability density functions of input parameters are
expressed mathematically. Then, the equation of
performance function (e.g. safety factor) is inte-
grated over input variables. Accordingly, probability
density function of the performance function will be
determined. These methods are limited to problems
with few numbers of stochastic variables. Fewer
studies have been done on this subject due to their
mathematical complexity. Jointly Distribution
Random Variables (JDRV) method is one of the
mathematical techniques of this category [25-
28]. JDRV method uses numerical integration
technique to find probability distribution function
(PDF) of performance function, but it is not able to
consider correlation coefficient between stochastic
parameters.

Approximated methods compute the probability
of events with some indicators such as mean value
and variance of input stochastic parameters.
Common approximation methods are based on three
methods: First Order Reliability Method (FORM)
[29], First Order Second Moment (FOSM) [30], and
Point Estimation Method (PEM) [31]. Each of these
methods utilizes several simplifying assumptions for

(2)

prediction of failure probability that somewhat
reduces the accuracy. Approximate methods are able
to estimate the mean and variance of performance
function, but they do not provide any information
concerning the shape of its PDF. Hence, the
probability of events is determined just based on
the assumed PDF for performance function (usually
using normal distribution function). In recent years,
most reliability analyses of liquefaction have been
done using these methods [32-42].

Simulation methods are among the accurate
reliability methods. These methods predict the
probability of event by simulating stochastic input
parameters and implementing in repetitive calcu-
lations. In mathematics, these methods have been
used for complex problems the closed-form solution
of which is not possible (i.e. large degree of
integration) [43]. Nowadays, regarding too rapid
development of computer technology and available
personal computer utilization of these methods has
been increased in engineering problems. Monte
Carlo simulation method is one of the most applicable
methods of this category. This method has been
discussed in the next section.

4. Monte Carlo Simulation Method

Monte Carlo Simulation (MCS) is a numerical
process of repeatedly calculating a mathematical or
empirical operator F(X) in which the variable X =
[x1; x2; . . . ; xn] within the operators are random
or contain uncertainty with prescribed probability
distributions [43-44]. MCS is an accurate reliability
analysis method and is applicable for any limit
state approach [45-46]. It has been widely used in
reliability analysis of geotechnical engineering
problems such as slope stability, retaining walls,
foundations and risk assessment of complex
engineering problems. In the analysis process,
stochastic values for each of the input parameter
are selected based on its statistical parameters. The
probability density function of stochastic parameters
can have any shape but normal, log-normal and beta
distribution functions are usually used based on the
characteristics of the stochastic variables. These
values are used to calculate the performance
function. This procedure is repeated for many times
to obtain proper statistical distribution for performance
function. Statistical analysis of this distribution
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enables the user to calculate the mean and standard
deviation of performance function and finally predict
the probability of events. Generally, this method   con-
sists of four steps as follows [46]:
1. Generating stochastic values for each of stochas-

tic variables according to assigned probability
density function.

2. Computing performance function using a proper
deterministic method based on generated values
in previous step.

3. Repeating steps 1 and 2 for as many times as
required.

4. Determining probability distribution function of
performance function and calculate the probabil-
ity of events.

5. Evaluation of Liquefaction Triggering
Utilizing Monte Carlo Simulation

Due to the probabilistic nature of earthquakes, it
is required to analyze the response of earthquake
loading by probabilistic methods. It is possible to
divide the uncertainties of liquefaction into two
categories: parameter uncertainties and model
uncertainties. In the present research, the reliability
analysis of liquefaction potential considering
parameter uncertainties has been investigated. For
this purpose, the factor of safety function is selected
as performance function, and the parameters
earthquake magnitude (Mw), maximum horizontal
acceleration (amax/g), total stress (σv), effective
stress(σ'v), fines content percent (FC) and SPT
blow count (NSPT) are chosen as stochastic variables
according to the Tables (1) and (2). These values
are chosen based on previous researches [46]. With
respect to Eq. (2), shear stress reduction factor,
rd , is a function of Mw and is also a variable.

There have been a few researches concerning

Table 1. Stochastic variables characteristics.

Table 2. Correlation coefficient between variables.

the selection of a proper probability distribution
function for parameters. Most of the previous
studies have suggested using Normal and log-
Normal distribution function for geotechnical
purposes [46]. In the present research, it is decided
to choose Normal distribution function for the
parameters that their coefficient of variations are
less than 25 percent and log-Normal or Beta
distribution function for the parameters that
their coefficient of variations are more than 25
percent.

Stochastic variables are generated based on
mean, coefficient of variation, correlation coefficient
and probability distribution function. Each set of
the generated stochastic values is put into the
performance function to calculate the factor of
safety for each trial. This procedure is repeated
for numerous times to find the probability density
function of the performance function. The probabil-
ity of liquefaction (PL) is equal to the area under the
curve of probability density function with safety
factors less than 1. It is also possible to calculate it
using Eq. (4). Different classes of probability of
liquefaction (PL) are given in Table (3) [36].

N
NP L

L =                                                            (4)

in which PL is the probability of liquefaction, NL
is  the number of trials with factor of safety less
than 1 and N is the total number of Monte Carlo
trials.

Table 3. Classification of probability of liquefaction [37].
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5.1. A Typical Case as an Example

To demonstrate the efficiency and accuracy of
Monte Carlo simulation in prediction of liquefaction,
a typical example has been considered. The
characteristics of the example are selected from
case printed in literature [16]. The deterministic
parameters of this example are given in Table (4)
and stochastic parameters are selected based on
Tables (1) and (2). In the proposed method, a wide
range of stochastic parameters are selected instead
of choosing a deterministic value.

Table 4. Deterministic parameters of typical example [16].

Figure 1. Probability density function (PDF) of factor of safety.

Figure 2. Sensitivity analysis of the proposed model to input parameters.

In order to do the Monte Carlo simulation of
liquefaction triggering, 1.2 million iterations have
been accomplished and probability density function
of performance function has been determined and
is shown in Figure (1). The probability of liquefaction
is displayed in blue region in Figure 1. In this example,
the probability of liquefaction is equal to 60.5
percent. According to the Table (3), Liquefaction
and non-liquefaction are equally likely in this case.
Estimating the probability of liquefaction provides
the opportunity to judge proportional to acceptable
risk, and it will facilitate engineering judgment in
this issue.

In approximated reliability methods usually
assumes that the probability distribution of factor
of safety has normal distribution function [6].
Regarding to Figure (2), it is obvious that it follows
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Log-normal distribution. Therefore, it is suggested
to use Log-Normal distribution for calculating the
probability of liquefaction in approximated methods.

5.2. Sensitivity Analysis
5.2.1. Sensitivity of Input Parameters

In order to analyze the response of the proposed
model with respect to changes in input parameters
and to determine the most affecting parameter in
the evaluation of liquefaction, a sensitivity analysis
has been done. For this purpose, the amount of each
input parameters increased equal to one standard
deviation and the probability of liquefaction is
calculated. The results of this sensitivity analysis
are given in Figure (2). It is shown that with the
increase of parameters NSPT, FC and ,'

vσ  the
cumulative distribution of factor of safety shifts
rightward, which indicate that, the probability of
liquefaction has been decreased. With the increase
in the parameters MW , amax and σv , the cumulative
distribution of factor of safety shifts leftward
indicating that the probability of liquefaction has
been increased. The amounts of the changes of the
probability of liquefaction are shown in Table (5).
The results show that, the SPT blow count is the
most effective parameter and the percentage of
fines content (FC) have less effect on the evalu-
ation of liquefaction potential

5.2.2. Effect of Correlation Coefficient

Two variables may be related to one another,
as indicated by a scatter plot. The correlation
coefficient is a measure of the degree of linear
dependence between two variables. The sample
correlation coefficient, ρ is given as follows:
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where xi and yi are paired observations of the two
variables, and µx and µy are mean value of x and y

Table 5. The amount of changes in the probability of liquefaction corresponding to increase of parameters.

parameters, respectively. The sample correlation
coefficient ranges between -1.0 and 1.0. A value of
zero for ρ indicates no linear dependence between
the two variables. A negative value of ρ indicates
that one variable tends to decrease as the other
increases, while a positive value indicates that one
variable tends to increase as the other variable
increases. The closer the absolute value of ρ is to 1.0,
the stronger the linear relationship between the two
variables [47].

As mentioned in section 4, stochastic number
generation plays an important role in Monte Carlo
simulation method. If the stochastic values do not
have appropriate correlation, generated stochastic
values will affect the results. Generated stochastic
values without/with considering correlation coeffi-
cient have shown in Figures (3) and (4), respectively.
Comparison of these figures demonstrate that
considering correlation coefficient is necessary for
Monte Carlo simulation. Figure (3) shows that
stochastic values do not follow a proper trend. For
instance, the effective stress will exceed the total
stress in some cases. Accordingly, correlation
coefficients between stochastic parameters should
be taken in MCS method.

5.2.3. Effect of Number of Iterations

The number of required Monte Carlo trials is
dependent on the level of confidence in the solution
and the amount of stochastic variables. Based on
the statistical theory, Eq. (6) has been recommended
for the number of iterations [46]:

( )

m
dN 









ε−
= 2

2

14
                                                  (6)

where N is the number of Monte Carlo trials, d is
the normal standard deviation corresponding to
the level of confidence, ε is the desired level of
confidence and m is the amount of stochastic
variables. Table (6) represents some confidence level
(ε) with corresponding standard deviation (Std).

With regard to the number of stochastic variables
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Figure 3. Generated stochastic values without applying correlation coefficients.

Figure 4. Generated stochastic values when correlation coefficient applied.

Table 6. Standard deviations according to confidence levels.

and confidence level, 1.2 million iterations have
been done, but it seems that there is no need to do
such a large trial. In order to investigate the effect
of number of iterations on the results, a sensitivity
analysis has been examined and the results are
shown in Figure (5). It demonstrates that the
probability of liquefaction converges after about
500,000 trials and therefore a large number of iter-
ations is not required.

6. Verification of the Proposed Methodology

To verify the application of Monte Carlo
simulation method in liquefaction analysis, 233
well-documented case studies of liquefaction that
was reported in literature has been examined. In
this section, a case study, namely Loma Prieta
earthquake with a magnitude of 7 Richter at San
Francisco in October 1989, has been discussed in
detail. During this strong ground shaking, major
failures occurred in vulnerable sites to liquefaction
phenomenon. Borehole specifications in different
sites of that zone have been reported by Idriss and
Boulanger [16] and other researchers. Some parts
of these data are presented in Table (6). It also
gives the factor of safety with deterministic approach
and liquefaction probability is estimated by MCS.
Comparison between the results of deterministic
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Figure 5. Effect of number of iterations on the Monte Carlo simulation results.

Table 7. Liquefaction probability estimation utilizing Monte Carlo Method -Loma Prieta earthquake (1989).

analysis and actual occurrence of liquefaction in
this case study indicates that the deterministic
analysis method is not reliable enough to predict the
event occurred. For example in site numbers 13, 18
and 23, despite the fact that the factor of safety is

more than 1, liquefaction had occurred. In site
numbers 9, 11 and 15, the factor of safety is less
than 1, but there was no evidence of liquefaction
occurrence. On the other hand, the results of MCS
are in good agreement with the actual occurrence
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evidences and the mentioned criteria in Table (3).
For example in site numbers, 1, 3, 4, 8, 10 and 20, in
which the probability of liquefaction are less than
15 percent, there was no evidence of liquefaction
occurrence. Besides, in site numbers, 2, 12, 14, 21
and 22, in which the probability of liquefaction
determined more than 85 percent, the liquefaction
had occurred. Moreover, the application of MCS to
other case studies show a good agreement to the
Loma Prieta cases that are given in Appendix A.
Regarding these results, again it confirms that the
proposed method has a better estimation in com-
parison to the deterministic method. The probabilistic
method also provides this opportunity to have a good
judgment.

7. Conclusions

Liquefaction potential is a probabilistic phenom-
enon due to the uncertain nature of earthquake and
variability in soil deposits. Regarding to pertinent  un-
certainties, it seems that deterministic method is not
suitable for liquefaction evaluation. On the other hand,
the factor of safety criterion makes engineering
judgment to be complicated because there is no
explicit relation between the factor of safety and
probability of liquefaction. Reliability methods, which
consider uncertainties and estimate the probability of
liquefaction can facilitate the engineering judgment.
In the present research, the reliability analysis of
liquefaction triggering utilizing Monte Carlo simu-
lation has been examined. Based on the results
presented in this paper, the following conclusions
are drawn.
v The results obtained from Monte Carlo simula-

tion method and deterministic method indicate
that the deterministic method is not reliable
enough in comparison to the probabilistic
results, which are in good agreement with the
real liquefaction events. Thus, this procedure is
recommended to be used for other susceptible
sites to liquefaction potential.

v The sensitivity analysis shows that the SPT blow
count is the most influential parameter and the
percentage of fines content have less effect on
the analysis.

v Considering the correlation coefficient is neces-
sary for MCS and should be considered in the
analysis.

v In approximated methods, it is usually assumed
that the probability density function of factor of
safety follows normal distribution; however, in
this research, it is shown that log-normal distribu-
tion gives a better prediction. It is suggested
to use log-normal distribution for calculating
the probability of liquefaction in approximated
methods.

v Based on the sensitivity analysis, it is shown that
there is no need to use a large number of trials
for Monte Carlo simulation.
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Appendix A. Application of proposed method in 233 well-documented case studies.
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