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ABSTRACT

Stiffness plays an important role during earthquake rupture dynamics. At the
main slip zone, the response of the system following a solicitation is both a
function of stiffness and the heterogeneity of the surroundings. This work
studies the effect of heterogeneity of Earth crust, particularly the effect of
spatial dependence of stiffness during the nucleation phase of an earthquake.
Based on Burridge Knopoff's 1D model, we have redesigned the dynamics of
an earthquake, taking into account the spatial variation of stiffness. The
obtained differential system being complexity, a numerical approach was used
to draw solutions to the problem. We represented the variation curves of
temperature, energy and displacement as well as the speed obtained when the
rigidity is constant (CS) and when the stiffness is nonlinear (NLS). Then a
comparative study was conducted between the two cases. We show that, by
considering the space-dependent of stiffness, the stick-slip movements
occurred and a succession of oscillations with decreasing amplitude in time,
separate to the case where it was considering to be constant. The non-linear-
ity of the stiffness reveals that each oscillation is separated from the next by a
coseismic phase. For non-linearities of order one and in the presence or
absence of a fluid, the spatial dependence of stiffness suggests the existence
of a seismic motion with decreasing amplitude, which always precedes by a
steady state when the stiffness is nonlinear, which is not the case when the
stiffness is constant; moreover, the amplitude of the movement decreases.
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1. Introduction

Earthquakes are the consequences of internal
activity of earth. They are for the most part
characterized by three phases: nucleation, proper
manifestation and return to calm. Given the com-
plexity of its dynamics and numerous hypotheses
that are involved in its solution (Florido et al.,
2015), the prediction and understanding of its
phenomena remains a challenge for scientists.
One of the reasons why the prediction and
understanding of earthquakes remains problematic
is the fact that, during numerical simulations in the
laboratory, these rupture dynamics requires several
assumptions ranging from the geometry of the
faults, to the initial conditions on the initial stress in
rocks before an earthquake to rock properties,
including shear and compression wave velocities
and densities (Harris et al., 2018). Another reason
why the prediction of earthquakes is so complex is
that during the nucleation phase of an earthquakes
and seismic events, several changes in the structure
of the earth are observed, such as variation in the
electrical conductivity of the medium as well as the
stress; modification of shape of the seismic wave
during its propagation, variation of random con-
centration in groundwater, earth and air, fluctuation
of ground water level's, thermal anomalies,
electromagnetic variation near and above Earth's
(Konga et al. 2017, 2020; Florido et al., 2015;
Jordan et al., 2011). All these theories issued to
better understand earthquakes, the theories con-
ducted during the pre-seismic phase remain the
most important for the understanding of earth-
quakes. Many of the theories put forward by the
pioneers in seismic fields only took into account
the fact that seismic waves propagate in isotropic
media with fixed characteristic parameters. The
introduction of non-homogeneity of the surroundings
and anisotropy has in recent years opened many
new issues in understanding the propagation of
seismic waves. Olami et al. (1992) were the first to
introduce the concept of anisotropy hypothesis in
their work. Kostic et al. (2014) worked on the
1D dynamics of the Burridge-Knopoff model
(Burridge & Knopoff, 1967) normal static pressure
with single-block model using Dieterich-Ruina's
rate- and state-dependent friction law by taking
into account perturbation of velocity relaxation
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coefficient and elastic constants. Their work
allowed highlighting a chaotic and deterministic
behavior of the system due to the fact that we
considered small variations of oscillations around
the equilibrium position. Moreover, they showed
the existence of one or two periodic variables and
two different possible scenarios of chaos (one for
the limit perturbations of the amplitudes and the
other when the angular frequency was considered
constant). By varying the physical properties of
water, Urata et al. (2015) studied the effect of
transitional phase of water on the dynamics rupture
of fault with thermal pressurization. They were
able to highlight that by changing the physical
properties of water, the total slip of the system was
greater compared to the case where the physical
properties were constant. In addition, they showed
that varying the water properties resulted to a
decrease in total slip for large values of stress at
depth and as well as for small slip zones. Wang
(2017) evaluated the effect of friction and viscosity
during the nucleation phase of an earthquake.
His work showed that both friction and viscosity
cause an increase in natural period of the system;
and viscosity increases the time duration of slip
motion. Konga et al. (2017) modeled the thermal
energy produced by friction at the fault lip in the 1D
domain. Their work proved that both thermal
energy and temperature grew rapidly with time and
that for aperiodic motions, the temperature profile
was constant over time. Based on the one-dimen-
sional Burridge-Knopoff model, Konga et al. (2020)
found the effect of the variation of the viscosity
coefficient on the frictional thermal energy at the
fault lip, highlighting that thermal energy was
maximum when the seismic wave value was
maximum. Motchongom et al. (2022), on the basis
of Burridge-Knopoff model develop the dynamics
of two blocks by taking into account the periodic
perturbation of the stress and the friction parameter.
In this work, they showed that a periodic distur
bance has the effect of increasing the duration of
the inter-seismic phase. Furthermore, they
demonstrated that stick-slip motion with a multi-
tude of periods was emphasized, as well as chaotic
irregular motion when changing the frequencies.
The works of Gomberg and Davis (1996), Brodsky
et al. (2000), Gomberg and Reasenberg (2001)
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suggested the existence of a small event preceding
the passage of the seismic wave. Perfettini et al.
(2003a, 2003b) studied the influence of normal
and tangential stress on the one-dimensional and
two-dimensional dynamics of the seismic fault
and obtained that the Coulomb failure model
predictions were reasonably close to those deduced
using a more realistic failure model.

According to Ray and Viesca (2019), the
properties of friction are likely varying in space
for large faults. This variation in space of the
physico-chemical properties of the quantities
characterizing the fault is called heterogeneity. A
large number of works in the literature have
introduced the concept of heterogeneity in the
dynamics of an earthquake. Thus, Perfettini et al.
(2003a, 2003b) introduced heterogeneity to describe
the scaling law of the slip weakening rate at the
onset of instability using a two-dimensional fault
model. In addition, the authors showed that large
faults are always more unstable than small faults.
Ampuero et al. (2006) investigated the effect of
fault structure and heterogeneity on basic seismicity
properties. They highlight the relationship that
exists between the statistical properties of the stress
and the properties of the macroscopic source, such
as the size of the rupture, the seismic moment, the
drop in apparent stress and the radiated energy of
an earthquake. They also showed that stress
correlation length plays an important role, appearing
as a characteristic short length in the scaling
behavior of macroscopic source properties and
may mask or may be confused with the signature
of the nucleation process. Considering that slip
and system state are functions of friction as well as
normal stress, Ray and Viesca (2017) investigated
on the slip instability on fault dynamics. From their
works, during instability development, slip rate and
state evolution can be attracted to develop in the
manner of the self-similar solution, which is also
confirmed by solutions to initial value problems for
slip rate and state. A few months later, Ray and
Viesca (2019) consider a rate-and -state dependent
fault friction in which the characteristic wavelength
for the property variations is a problem parameter
for homogenization of fault frictional properties to
show that the dynamics of earthquake-nucleating
facilities is controlled by the properties' spatial distri-
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bution. Lebihain et al. (2021) studied in 2D the
effect of heterogeneous weakening rates along the
faults during earthquake nucleation. We find that
the interplay between frictional properties and the
asperity size gives birth to three instability regimes
(local, extremal and homogenized), each related
to different nucleation scenarios, and that the
influence of heterogeneities at a scale far lower
than the nucleation length can be averaged. By
introducing the coalescence of microslip during
the nucleation phase, Schar et al. (2021) showed
that when the correlation length is large, the growth
of'the slip patch is continuous. They also established
that nucleation by coalescence is also observed on
stochastic interfaces with small correlation length.
In accordance with this last one, we show that its
expectation follows a logistical function, which
allows us to predict the strength of the interface
well before failure occurs. All these works were
done under the assumption that the surroundings
were homogeneous. However, anisotropy and
heterogeneity are important factors in the fault
rupture process. According to Lebihain et al. (2021),
the knowledge of the nucleation process along a
heterogeneous interface remains incomplete. Thus,
in order to explain the high frequency of seismic
radiation and the high mobility of faults observed
during large earthquakes, Mase and Smith (1987)
showed that a heterogeneous stress drop and an
irregular slip rate were necessary. In a similar way,
Harris et al. (2021) modeled earthquake dynamics
rupture in 3D based on geological and geodesic
models, and showed that rock properties affect the
locations and amount of slip produced in our large
carthquake simulations. The crucial factors that
control the rupture behavior in our modeling are
earthquake nucleation locations, fault geometry, and
data that reveal where the fault system is moving.
All these works rightly demonstrate the importance
of anisotropy and heterogeneity of surroundings in
the rupture dynamics of a fault. Bearing in mind
all the foregoing that, in this article, we will study
the effect of non-linearity of rigidity on the
nucleation phase of an earthquake. For this, we will
proceed through a comparative study of the cases
where the stiffness is constant (CS) and the cases
when the stiffness is nonlinear (NLS) for different
friction function. Considering where the stiffness is
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constant (CS) and the case where it depends on
space (NLS), we will extend our comparative
study to the different cases of friction functions
namely the TP law, the SW law and the VW law, in
order to present the most stable for our model. We
will try to highlight the existence of a cosmic
phase characteristic of seismic manifestations.

2. Description and Mathematical Modeling

The system under study consists of a block of
mass M placed on a fixed support. The mass M
is connected to a tectonic plate by a spring of
stiffness k. The tectonic plate is in translational
motion with velocity as shown in Figure (1). The
block is tracked by the driving force kv, t. The
whole is subjected to a frictional force opposite to
the movements of block F(u,v), which is pro-
portional to the relative displacements of block
u and the relative velocity v =du /dt of the block
mass M. Taking into account the geometry of the
fault as well as the presence of a fluid, the mass
M will also be subjected to a viscosity force pro-
portional to the velocity and defined by ®d(v) =nv,
where 1 is the viscosity coefficient (Figure 1).
Considering all the forces involved, and using the
center of inertia theorem on the mass M, the
differential equation that governs the dynamics of

motion is written:
d*u
M ” =—ku —®(V)-Fu,v)+kv,t (1)

In the software literature, there are several
models of the frictional forces including a slip
weakening friction law (denoted by TP), the
displacement softening-hardening friction law
(denoted by SH), slip-weakening friction law
(denoted by SW) and velocity-weakening friction
law (denoted by VW).

The SH law defined by: F(u)=F,exp x
(~@?-u?)/c), with and are constants used by

F(u,v)

Figure 1. 1D model of earthquake nucleation with nonlinear
stiffness.

Cao and Aki (1984, 1986), and defining respectively
a characteristic displacement and a constant that
has dimension of length. The VW (Wang, 2017)
law definedby: F(v)=F, /(1+v /v ), wherev_ is
the characteristic velocity, when SW (Konga, 2020)
law is: F(u)=F,/(1+u /u,), with u_ a constant.
TP law is given by: F(u)=F, exp(—u lu, ), with a
constant. In all these relations, F is a constant
having the dimension of a static force.

Several works (Wang, 2017, Konga et al., 2020
and many others) have conducted comparative
studies (quantitative and qualitative) across the
different laws in order to derive the most stable one.
Additional experimental and theoretical work has
shown the effect of the u_ factor during the
nucleation phase of an earthquake. Accordingly,
Wang (2017) established that for the TP law, the
frictional force decreases more swiftly for small
values of u_,. However, for large values of u_, the
frictional force grows fastest and then decays for
larger and larger values of u_. Many other studies
such as Marone and Saffer (2015), Wang (2016a,
2016b) and Konga et al. (2020) have been con-
ducted by changing friction laws and considering
the variation of u_. Their studies revealed that for
small values of u_, there exists a reduced form
(limited expansion) of the friction coefficient.
Taking into account the different expressions
formulated above, the differential equation that
governs the dynamics system for the TP law is
written as:

Mdzu
dt?

=—k (u —V,,f)—T]V—Fo exp(—u/u.) (2)

Equation (2) has been studied by several
authors (Wang, 2017; Wang, 2016 (a, b); Konga,
2020; Carlson & Langer, 1989, etc.). Considering
the internal structure of the earth crust's which is
non-homogeneous and anisotropic (Sato & Fehler,
2009; Olami et al., 1992), several hypotheses have
been made about the dynamics of the system when
the stiffness varies in time and space (Olami et al.,
1992). Thus, Tanekou et al. (2020) modeled the
dynamics of an earthquake at fractional order by
assuming the nonlinear stiffness.

Considering the anisotropy in the middle and the
earth's crust, the density varies from one point to
another (which is justified by the existence of the
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various zones of discontinuity), we will admit
and consider that the stiffness is non-linear
(NLS) and dependent on the position u such
as k =k (u) and defined by the Equation (3).

k)=k,+ku+ku>+ku*+.. (3)

In this relation, k, is the uniform stiffness
contribution, and the term ku +ku>+ku* +...
is a function with the same dimension as & (u).
Taking into account a non-linearity of one order,

Equation (2) becomes:
2
Py i =— (ko + k) —v,t)—
dt? 4)

nv-Fyexp(—u/u,)

Equation (4) can be developed as:

du
M o =—kou+kyyv,t -

ku*+kuv,t —mv—Fexp(-u/u,) ©)

In view of modeling and observing the behavior
of a system during nucleation phase, real values
of system are needed (Wang, 2017). For this
purpose, Equation (5) is dimension to approximate
a system whose quantities are easily measured
during seismic events. Hence, a change of variable
and the following quantities are the new normative
values: D,=F,/k,, o,=+k,/M, U=u/D,,
U.=u,/D,, V,=v,/oD, and t=w,t.

Thus, we obtain du /dt = (F, / [Mk,)dU /d-,
d’u/dt’=(F,/M)d’U /dv* and ¥V =4U /d~.
where k is the constant or reference value of
stiffness (CS) when the spring is not subjected to
any action of deformation. Given the change of
variable, the differential Equation (5) can be written

in form of Equation (6):
Uy exp| - |4
dt? i d P .
2 2
6
Vpr—(&] DU? +(ﬁJ DUV x ©
O‘)O O‘)O

where o, =./k,/M and o, =./k,/M are the

constants and represent respectively the natural
pulsation of the system (exciter frequency), the
secondary and superior pulsations due to non-
linearity of elasticity coefficient. U, V and <
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represent respectively dimensionless slip, dimen-
sionless velocity, and dimensionless time. Moreover,
after the change of variable, we admit that the
ratio n/M ®, 1s equivalent to a constant M and
has the dimension of the viscosity coefficient of
the fluid. D, represents a characteristic distance,
which is a function of the properties of the fault
zone.
For convenience, Equation (6) becomes:

d2U . dU
o =-[1-¢Dy U -
exp[—i}err—stoU2 )
U
With g, =, / o,

3. Numerical Solution

Equation (7) is a differential equation that
translates the dynamics of a block of mass M in
a medium with a nonlinear stiffness. Equation (7)
is a second-order differential equation with non-
constant coefficient. The analytical solution of this
equation is not easy to be solved with conventional
methods, so we propose the numerical solution by
four order Runge-Kutta method. Therefore, let
introduce the new values X=U and dU/dt,
Equation (7) becomes:

& _y
dt
ar _ ~[1-&lDy )X -

drt )

ny —exp(—§j+th—stoX 2

c

For the case of SH law, the system of
Equations (8) takes the following form:

X

>y

dr

dl:—[l—stOVpr]X —nY -

dr )
2 72

exp(—Xc—zchJerr—ston

where C2 =c?/ D02 characterizes a dimensionless
constant.
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For the case of the VW law, the system of
equation that governs the dynamics of a system is
written:

dx
dr
dy

dv

VC
[—V T J+Vpr —&!DX*?

For very small displacements, the SW law is
the reduced form of the limited second-order
development of the TP law. Indeed, during the
nucleation phase of earthquakes and for very
small displacements, F(u)=F,exp (-ufu,)~1-
ulu, +uz/2uc2 +... and F)=F,/(1+ufu,)~
Fy(1+ufu,)" =~ F,(1-u/u,). This analysis justi-
fies the fact that we only represented the TP,
SW, and VW laws in our study.

Elastic and plastic deformations observed in

=Y

=-[1-gDJ,t]x -nY -
(10)
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the rock in general and at fault zone in particular
are consequences of an internal energetic activity of
the earth crusts. During nucleation and seismic
events, several sources of energy are produced
and released, the most dominant being the energy
produced by friction at the fault zone (Di Toro et
al., 2005; Konga et al., 2020; Djiogang et al.,
2022). This energy is proportional to relative
velocity v of mobility of the block of mass M and
the frictional force F'(u, v) to which the mass M is
subjected. When the ratio &, <<~<1 and when & =0,
Equations (8) to (10) are reduced to the equations
studied by Wang (2017) and Konga et al. (2020).
Indeed, when g =0, /®, =0, we have two sce-
narios. Either @, =0, and the Equation (7) becomes
d?U[d?=-U -ndU [dt—exp (-U /U ) +V 1
which is the one proposed by Wang (2017). Note
that in the context of this study, this case corresponds
to that where the stiffness is constant (CS, blue
curve in Figures 2 to 12). Let then be o, >> ®,, and
we are in the same case as in the previous case.
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Figure 2. (a) Temperature variation, (b) thermal energy, (c) displacement, and (d) speed, for TP law for value n =7, U_= 0.6,

D,=05,y=0,v=10° ¥ =03,¢ =0.7.
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Figure 3. (a) Temperature variation, (b) thermal energy, (c) displacement, and (d) speed, for TP law for valuen =7, U = 0.9,
D,=1,y=0,v=10%, V,=0.6,¢=0.7.
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Figure 4. (a) Temperature variation, (b) thermal energy, (c) displacement, and (d) speed, for TP law for valuen =7, U, = 0.9,
D,=1,y=0,v=10°V =0.6,¢ =0.07.
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Figure 6. (a) Temperature variation, (b) thermal energy, (c) displacement, and (d) speed, for TP law for value n =7, U_= 0.9,
D,=1,y=0,v=10%, V,=06,¢=07and C=0.3.
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Figure 7. (a) Temperature variation, (b) thermal energy, (c) displacement, and (d) speed, for TP law for valuen =7, U = 0.9,
D,=1,y=0,v=10%1V =0.6,¢ =0.07and C=0.3.
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In absence of any internal heat source and
neglecting the contributions of other energy sources
at the fault level (Scholz, 1990), the energy required
to set the block in motion dQ is equivalent in
algebraic value to the work of frictional forces
dW ,. and defined by Equation (11).

(11)

Now the frictional force work is by definition
equal to the scalar product of frictional force by the
relative speed of the block and given by the following

dQ =dw

equation:

dW . =vF (u,v) 12)

In a porous medium and in presence of a fluid,
the friction force (u,v) is proportional to both
friction coefficients p and effective stress c? to
which the mass M is subjected and is given by
Equation (13).

(13)

o’ =c,-p

where, 6, =F(u,v)/S is normal stress to which
the mass M is subjected, is the pressure of fluid
flowing at fault and is the area of the pressed
surface. Thus, taking into account the work of
Terzaghi (1996) and Noda et al. (2009), frictional
force per unit area in porous media takes the form
of f (u,v)=us? =up(c, —p). In order to reduce
this relationship to an equation linking the friction
to easily measurable values, we introduce here the
pore-fluid ratio y and defined by relation y=p /o, .
Thus, the frictional force per unit area in porous
media becomes f (u,v)=p(l—-y)o,. When o, is
assimilable to the force having the same dimension
as the frictional force, the effective friction to
which the mass M is subjected becomes:

f(u,v)=Fu(1-y)exp(—u/u,) (14a)

In Equation (14a), F, is the static force and W is
a constant having the same dimension as the friction
coefficient; v and u, are constants that represent
respectively the pore-fluid ratio and a charact-
eristic distance having the dimension of a length.
Let us assume hereafter that we are p, =pF,
positing as a constant having the dimension of the
static friction, then Equation (14a) becomes the
Equation (14b):

JSEE / Vol. 26, No. 4, 2024

S (u,v)=p,(1-v)exp(-u/u,) (14b)
For SH law, frictional law is written:
f(u,v)zuo(l—y)exp(—(uz—ucz)/cz) (15)

For the SW law (Wang, 2017), frictional law is:

f (u,v)zuo(l—y)/(lJrv/vc)

Thus, taking into account Equations 12, 14, 15 and
16, thermal energy arising from friction at fault

(16)

level in an anisotropic medium and which is
necessary for the setting in motion of the block
(fault rupture) is defined by Equation (17) for
different frictional law:

do =Vf (U )=

o (l—y)V exp(—U/Uc)

Lo (l—y)V exp(—(U2 —UL,Z)/Cz)
Ve (1=9)/(1+V V)
where, U (displacement) and V (speed) are the
solutions of Equations (8) (for the TP law), (9)

(for the SW law) and (10) (for the VW law)
obtained by applications of Runge's method

(17)

Runge-kutta. In absence of internal heat source,
the equation of heat transfer by conduction is
written 0T ?/6t* =a(0T /6z), where a is the
thermal diffusivity of the surroundings. Considering
the thermal energy produced by friction at the
fault, the equation of heat transfer by conduction
is given by:

or*  or 0(z.1)
o %% he,

(18)

where p is density of the surrounding and ¢, is the
heat capacity of the surrounding. Equation (18) is the
temperature evolution law at the level of the fault.
It is coupled to the movement of the block through
Equation (17).

Thus, for each of the solutions of Equations (8)
(for the TP law), (9) (for the SW law) and (10) (for
the VW law), we will evaluate the thermal energy
produced by friction in the fault by the Equation
(17), and we will deduce the temperature variation
in the fault via the expression of Equation (18) for
each friction law.

11
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4. Results and Analysis

In this section, using Matlab software, we will
carry out a comparative study between the case
where the stiffness is constant (CS, red curve in
Figures 2 to 12) and the case where the stiffness
is non-linear (NLS, blue curve in Figures 2 to 12).

Table (1) gives the range of variation of
values used during numerical representations of
figures.

Numerical resolutions by the Runge-Kutta
method of Equations (8), (9), (10), (17) and (18)
are given by Figure (2), Figure (3) and Figure (4)
for the TP law, Figure (5), Figure (6) and Figure (7)
for the SH law and Figure (8), Figure (9) and
Figure (10) for the VW law. For all these figures,
we took (X, =0;Y o =107") for initial condition.

It appears from the curves that the thermal
energy and the temperature variation are functions
of displacement. Indeed, we observe a strong and
fast increase of the thermal energy as well as the
variation of temperature due to the abrupt variation
of displacement during a certain time of nucleation
phase until a threshold value beyond which tem-
perature of medium also decreases abruptly
tending thus towards its initial value (Figure 2a,
Figure 3a, Figure 5a and Figure 6a). As for the
energy curve (Figure 2b, Figure 3b, Figure 5b and
Figure 6b), beyond its maximum value, energy
increases and tends towards a constant limit
value, which is directly proportional to the initial
temperature of the surroundings. This behavior of
the system can be observed both for the TP law

[Figure (2a and 2b, Figure 3a and 3b)] and for the
SH law [Figure (2a and 2b, Figure 3a and 3b)]
when the characteristic displacements U, and
velocities of plates V vary. As for the VW law
[Figure (8a and 8b), Figure (9a and 9b)], we
observe a sudden increase in thermal energy and
temperature as a function of displacement; the
temperature increases up to a threshold value and
then stabilizes tending towards a constant value
different from the initial value.

Energy increases up to a fixed limit value which
is proportional to the displacement. Comparing the
curves obtained when the stiffness is non-linear
(NLS, red line) and when the stiffness is constant
(CS, blue line), although a qualitative difference in
the temperature and heat profiles is not observable
when passing from one law to another, a quan-
titative difference is noted when the parameters
of the system change.

For large values of U, and v, simultaneously
and for 0.1<g <1, is noted a multitude of
oscillations in the velocity profile and those in an
extremely short interval of time before stabilization
towards a fixed value, both for the TP (Figure 2c,
Figure 3¢), SH (Figure 5S¢, Figure 6¢) and VW
(Figure 8c, Figure 9¢) law. In the case where
g, <0.1 (Figure 4c for the TP law, Figure 7c for the
SH law and Figure 10c), the speed increases very
quickly to reach its maximum value after decreases
towards a constant fixed value close to the one
obtained when the elasticity coefficient is assumed
to be only constant. We can deduce that for very
low values of ¢g,(g, <0.1), the system grows and

Table 1. Range of variation of parameters used during figure plotting.

n U. Dy Y v \Z €1 € €3
Figure 2 7 0.6 0.5 0 107 0.3 0.7 0 0
Figure 3 7 0.9 1 0 10° 0.6 0.7 0 0
Figure 4 7 0.9 1 0 10° 0.6 0.07 0 0
Figure 5 7 0.6 0.5 0 10 0.3 0.7 0 0
Figure 6 7 0.9 1 0 10° 0.6 0.7 0 0
Figure 7 7 0.9 1 0 10° 0.6 0.07 0 0
Figure 8 7 0.6 0.5 0 107 0.3 0.7 0 0
Figure 9 7 0.9 1 0 10° 0.6 0.7 0 0
Figure 10 7 0.9 1 0 10° 0.6 0.07 0 0
Figure 11 0.7 0.6 0.5 0.9 10° 0.3 0.7 0 0
Figure 12 0.7 0.6 0.5 0.9 10° 0.3 0.07 0 0
Figure 13 7 0.9 0.55 0.9 107 0.3 0.7 0.5 0.3
Figure 14 7 0.9 1.63 0.9 107 0.6 0.07 0.05 0.03
Figure 15 7 0.9 1.63 0.6 107 0.6 0.3 0.09 0.03

JSEE / Vol. 26, No. 4, 2024
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converges towards a state of stable equilibrium,
contrary to the case where 0.1<¢, <1.

By comparing Figures (2) and (3) (TP law),
and Figures (4) and (5) (SH law), we can clearly
see that temperature and thermal energy produced
by friction increase with the increase of the value
of U, and Vp for zero values of the lubrication
coefficient.

However, when the value of lubrication
coefficient increases, the values of thermal energy
and temperature produced by friction decrease
with time. As for the VW law, we notice that any
variation of U, and v, does not affect the ampli-
tude or the dynamics of the evolu-tion system,
which is justified by the fact that the system does
not depend on U..

Comparing the curves of the temperature
variation obtained for the NLS with CS, it noted
that although the curves have the same profiles,
amplitude where the amount of energy produced by
friction NLS 1is greater than the one of energy
produced by the CS, thus highlighting the import-
ance of the CS (see Figures 2 to 12).

This conformity in the temperature and
energy profiles is justify either by the structure of
the fault and the shape of the contacts that prevail
there, or by the definition of the thermal energy
that is only proportional to the variation of velocity
of the block and to the friction, which are two
quantities that do not depend directly on the
elasticity coefficient.

5. Study Cases for f =0

Previous figures have been obtained assuming
that pore-fluid ratio is zero (y = 0). Figures (2) to
(12) allow saying that the dynamics of the system
remains almost constant when passing from one
friction law to another. This implies that the
consideration of anisotropy in this study has the
effect of stabilization of the system whether
passing from one law of friction to another. In what
follow, we will only focus on the TP law, because
it better converge than the others according to
this study.

In the analysis now, let admit that the surround-
ing is porous, with p the pressure of the fluid
circulating at the walls.

Therefore, the lubrication coefficient y becomes

14

a non-zero constant. This is equivalent to the cases
where the friction law is defined by Equation (14)
and the system of Equation (8) takes the form of
Equation (19).

Many works (Konga et al., 2017, 2020; Wang,
2017; Dongmo, et al. 2014) have studied the
dynamics of such system when the parameters
such as viscosity (Konga et al., 2020), friction
coefficient (Konga et al., 2017), lubrication coeffi-
cient (Dongmo et al., 2014) or characteristic
displacement (Wang, 2017) varied.

That's why in the following, we will be holding
all other values constant and then evaluated the
behavior of the system at different ¢ value in
order to understand the contribution of nonlinearity
of the elasticity coefficient in the dynamics of the
system.

X
dt
dy
dt
X 2 2

o (1 —y)exp(—U—J +V t—g/D X

&

=Y

= _[1—812D0Vp‘c]X -nY —..
(19)

Numerical solutions of Equation (19) are given
in Figure (11) and Figure (12). Note that the cases
where the stiffness is constant (CS) are represented
by the curves in blue, and the cases where the
stiffness is nonlinear (NLS) are represented in
red.

Figure (11) and Figure (12) show that in the
presence of non-linearity and when pore-fluid
ratio y # 0, the system increases abruptly to a
threshold value, then decreases while oscillating
with a multitude of decreasing amplitudes and
according to a certain envelope for large value of
the frequency ¢, (Figure 11).

The decrement is perpetuated over time to
finally reach to a stable value equivalent to those
obtained when the stiffness is constant. For
constant values of the parameters of the system
used, we notice that the number of oscillations of
the system decreases when the parameter de-
creases (Figure 12).

This is justified in reality by the fact that de-
creasing of ¢ assumes that the seismic wave
during nucleation phase has propagated in
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refractive media (with low stiffness) to a more
refractive medium (with high stiffness), where the
seismic wave has difficulty in propagating and the
signal tends more quickly to its stable value.

For values of 0 <y <1, the more the value of y
is larger and closer to unity, the more the amplitudes
of the signals decrease with time. As the value of
v decreases tending to zero, the signal amplitudes
increase closely to its maximum value.

Thus, the effect of the porosity of the fault as
well as the presence of a fluid has the effect of
decreasing the intensity and the amplitude of the
signal. In general, the amplitude of signal
decreases with increasing value of pore-fluid
ratio y.

The introduction of anisotropy in the stiffness
reveals in the speed profile the existence during
the nucleation phase of a loading zone (stick) of
decreasing amplitude for the TP, SH and VW laws
characteristic of the change in property of the
medium. By observing the speed profiles for the
same parameters when the stiffness is constant,
we see that this loading zone does not exist. In the
displacement profile, it highlights a change in the
concavity zone of the curve that is not observed
when the stiffness is constant. The non-linearity of
the stiffness also reveals in the speed profiles the
existence of a transient phase, characterized by
oscillations of decreasing amplitude in time before
steady state.

6. Other Study Cases

Let us now return to initial Equation (3) by
considering the third-order nonlinearity, and let
set & =0,/0,, & =0,/0, and & =o,/o, then
Eq-uation (6) without simplification and without
approximation becomes:

du
dt?
du

U
nﬁ—uo(l—v)exp(—U—}

c

=—[1+€/DU +&D;U* +&,DU " |U -

(20)
[1+&/DU +&;DU* +€:DU° V1

By analogy with the fourth-order Runge-Kutta
solution that we have already stated in section

(3 and 4) to solve our differential equations,
Equation (20) becomes:

JSEE / Vol. 26, No. 4, 2024

X _y
dt
dy
_Tz_[

nd%—uo(l—v)exp(—g—}

148/ DX +eD;X > +&iD) X |X -

1)
d

[1+&/ DX +&DiX > +€D)X * |Vt

c

Numerical solution of Equation (21) for different
value of ¢, €, and ¢, are given by Figures (13) to
(15).

For higher-order nonlinearities, as €, <1 withi=
1, 2, ... in Figure (13), the system vibrates with
increasingly increasing amplitudes up to a threshold
value beyond which the amplitudes decrease to a
state of balance. Each amplitude peak is separated
from the previous one by a different transient phase
close to zero. The evolution profile of temperature
versus time and energy versus time reveals that they
are substantially the same when going from first-
order nonlinearity to higher-order nonlinearity.
This is because we used a flaw of thickness 2w in
our representations. For (o, /o,)” <<¢, with i > 2,
the system is most stable when we move to the
higher order nonlinearity (i > 2) (see Figure 15).

The numerical analysis of our system reveals
that when (w, /®,)?>1, the system is unstable
and any perturbation of their intrinsic parameters
leads to a large variation of behavior of the system.
We can therefore deduce in this interval of variation
of the pulsation, the quasi-chaotic system.

For Vi >2, when (o, /0,)?<(o,/0,)?* and
(0, /©y)? <<= (o, /®,)* (see Figures 13 to 15), the
system is quasi-static such that any perturbation in
the system almost leads to a stable state. Thus, for
nonlinearities of order greater than three, the study
system admits a steady state for very small values of
pulsations of order greater than two.

When g <<1 and the pore-fluid ratio is non-
zero (y #0), i.e., when the stiffness of the middle
in which the seismic wave originates is lower than
those of the middle in which the wave propagates.
Hence the difference between the wave that
propagates when the stiffness is constant (CS) and
the anisotropy case (NLS) is not very visible (for
first-order nonlinearity) to the point where every-
thing happens as if in both cases, the seismic wave
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is reduced to a wave that propagates in phase
shift (see Figure 12).

Indeed, by observing the evolution profiles of
the velocity, it can be seen that they grow rapidly
in time until a maximum value beyond which the
curve abruptly changes the concavity before
continuing its progression but with a steeper slope
than the previous ones.

The case when o, =cste (k, =cste =k,), show

16

that a seismic wave propagates in an isotopic
middle; the system grows botfly in time and space
exponentially and strongly while maintaining
its dynamics. However, for o, #cste (where
W, 0, #0, #0, #...) and (o, /o,)’ <1, the
amplitudes of the system grow in time with an
effect of modifying the dynamics of the system
when the intrinsic parameters of a system
change.
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7. Discussion

In this work, we studied the effect of non-
linearity of stiffness (NLS) on the dynamics of
nucleation of an earthquake. For this purpose,
we started with a 1D model of an earthquake
(Burridge-Knopoff model) to generate the second-
degree differential equation with a non-constant
coefficient translating the dynamics of a system (for
first-order nonlinearity and for higher order
nonlinearity). Since analytical resolution of these
equations is not easy by conventional methods, a
numerical approach was established in order to
provide solutions of our system. The numerical
resolution of this equation being based on the four
order Runge-Kutta algorithm allowed us to obtain
the dimensioned profiles of displacement, velocity
and energy produced by friction (necessary to
produce the rupture) at the level of the fault for
different form of the friction function. Then we
compared the results obtained when the stiffness
is constant (CS) and when the stiffness is non-linear
(NLS). It was found that:

When stiffness varies, the stick-slip phenomenon
is highlighted during nucleation phase. Both for
first-order nonlinearities and for higher-order
nonlinearities. This behavior of the system is much
more visible for higher-order nonlinearities, as
illustrated in Figures (13) to (15). Indeed, for
nonlinearities of order one (Figures 2 to 12), the
dynamics of our system shows that the depen-
dence of the stiffness on space (NLS), reveals in
a first phase a great increase of the speed of slip
of your system, which falls again immediately and
those in an interval of time extremely short, then the

JSEE / Vol. 26, No. 4, 2024

phenomenon starts again (in a movement of
oscillatory peak) with amplitudes increasingly
small until cancellation of the oscillations. This
sudden variation of the oscillations of the system
corresponds to the stick. In another phase, after
the cancellation of the oscillations in the previous
phase, the dynamics of our system stabilizes and
tends towards a fixed value of the speed, which is
perfectly quantifiable (steady-state). This second
phase corresponds to the sliding phase; however,
for higher-order nonlinearities (Figures 13 to 15),
the same behavior is observed, which is repeated
successively with increasing amplitudes up to
a threshold value beyond which it decreases
symmetrically towards a value close to the initial
value. This result is in agreement with the
literature and can be observed both for the TP,
SH and VW law. Indeed, on the basis of experi-
mental work carried out in laboratory and theoretical
modeling, authors such as Dieterich (1979, 1992),
Ohnaka et al. (1987), Andrews (1976), Brune
(1979), and Das and Scholz (1981) have revealed
the existence of a small and then steady-state slip
phase before (nucleation phase) any large seismic
rupture at the fault. Other works such as Gomberg
and Davis (1996), Brodsky et al. (2000), Gomberg
and Reasenberg (2001) had also suggested the
existence of a small event preceding the crossing of
seismic wave. Putting together these two phases
highlights the stick-slip motion. Whereas for the
same values of the parameters of the system with
constant stiffness, the dynamics of the system
reveals that relative slip velocity of our system
simply increases with time, tending towards the
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same limit value as the one observed when the
stiffness is non-linear. More generally, when
comparing the velocity profiles obtained for
vy#0 and y=0 when the stiffness is non-linear
(NLS), we notice a multitude of oscillations
corresponding in reality to the multitude of
microseisms with increasing amplitude (which are
related to heterogeneity) that are recorded at
regular intervals of time during nucleation phases.
Indeed, Nur (1978) showed that the resistive
stress would tend to become uniform with/after
successive earthquakes until all events rupture the
entire fault length and processes cease to become
important.

In the absence of non-linearity (CS), the
nucleation time decrease. We notice that, the
velocity grows rapidly and leads directly to its
steady state value. While considering the non-
linearity of the stiffness (NLS), we clearly
observe that the nucleation time during which the
seismic wave grows very weakly until a maximum
value (limit) and then start to decrease strongly
while converging to another steady value different
from the initial value, showing therefore the
existence of a transient phase before any stable
state during the nucleation phase. We can also
conclude that after a certain excitation, the system
goes from an initial steady state to another different
from the previous one, which correspond to the
transitory phase existing before any great earth-
quake. This behavior of the system is perfectly
demonstrated for higher-order nonlinearities. Such
an accumulation of the effects of the previous
seismic activities clearly explains the memory effect
of an earthquake. Moreover, accumulation of the
memories of different seismic excitations will push
the system to its elastic limit, beyond which the
system will fail causing earthquake itself. Some
previous works as those of Scholz et al. (1972),
Dieterich (1981), Ohnaka and Yamashita (1989),
Kato et al. (1994), and Roy and Marone (1996)
have also shown the existence of this transient
phase in the nucleation process preceding any
great earthquake.

The comparative analysis of the evolution
curves of the velocity as a function of time reveals
that, for the non-linearity of order one, the system
represented is only an isolated state of the system.

18

However, for higher-order non-linearities
(Figures 13 to 15), our system highlights the various
microseismic activities of increasingly increasing
amplitudes that are observed during the nucleation
phase of an earthquake. The phenomenon
repeats itself up to a speed of maximum ampli-
tude, beyond which the amplitude decreases until
it cancels out. Thus highlighting the symmetry of
the phenomenon. This symmetry of our system
turns out to be an asset to justify the aftershocks
observed during seismic events. By admitting the
non-linearities of order one, we have generally
observed a stability in the evolution of the system
when we pass from one value to another on the
one hand, and when we pass from a law of
evolution of friction to another. However, this
stability of the system is no longer verified when
we move on to higher-order nonlinearities.

The temperature evolution curves for the TP
law and for the VW law reveal that they evolve
according to a normal law. This assumes that all
the heat produced by friction at the fault is
dissipated around the fault. This shape of the
temperature profiles can justify the choice of a
binomial law (giving the evolution of temperature
as a function of time and space) as a mathematical
model to represent the temperature that certain
authors have made (e.g., Fialko, 2004). As for the
temperature profile for the VW law, it reveals the
existence of a temperature distribution function of
space and time, reflecting its evolution. This result
for the VW law is valid for both the NLS and the
CS. For some values of the system parameters
and in some intervals of time, the speed is negative
(e.g., Figure 2d). It means that at these intervals,
the polarity of the movement has changed (polarity
change is due to the stick-slip movement).
Therefore, the direction of the slip and the direction
of the force remain in opposition.

The introduction of the spatial variation of
stiffness in the system proved in advance the
importance of heterogeneity during the nucleation
phase of an earthquake. Indeed, Schar et al.
(2021) already pointed out that the nucleation
process is particularly important because it
determines the stress level at which the frictional
interface fails, and therefore, the macroscopic
friction strength. This is what can be seen in
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Figures (13) to (15) for hygher-order of non-
linearities. There are also crepe-to-crepe oscilla-
tions characteristic of the different asperities
observed along a fault. To this end, Cattania and
Segall (2021) thought that the pre-seismic phase is
characterized by feedback between creep and
foreshocks, i.e., during the pre-seismic phase, we
observe episodic seismic bursts breaking groups of
nearby asperities, causing creep to accelerate,
which in turn loads other asperities, leading to
further foreshocks.

The results of this work show that whatever the
values of the surrounding parameters of our
model, the temperature profiles remain substantially
the same for both the TP law and the SH law for
first-order of non-linearities. In general, it is
observed that the amplitude of the signal grows
when the value of the characteristic distance
increase. Moreover, a comparative study between
the case where the stiffness is constant and
variable (anisotropy) reveals that the existing load
time before any seismic activity is reduced, and
the displacement profile show the non-uniformity
in the wave propagation characteristic of an
inhomogeneous Earth's crust in accordance with
the Motchongom et al. (2022) conclusion.

By comparing the profiles of the temperature
variation curves for the TP, SH, and VW laws, we
deduce that the TP and SH seem more stable than
the VW law. Indeed, according to their temperature
variation profiles, we observe a symmetry and
convergence of temperature values in a very fixed
time interval despite variations in the system
parameters. This symmetry is justified by the form
of the Gaussian friction functions for the TP and
the SH laws. Indeed, the analysis of the friction
functions for the TP and SH laws reveals that
these two functions remain stable for any variation
of U, (TP law) and C (SH law), respectively,
included in a very precise interval, and beyond this
interval, the function is null. Thus, any variation in
the behavior of the system or any external stress
imposed on the system in this interval has the effect
of always returning the temperature to its original
point during the nucleation phase; hence, its
variation is zero for the TP and the HS laws. On
the other hand, for the VW law, we note that any
variation in the behavior of the system or any
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external stress has the effect of causing the
temperature to pass from an initial stable state to
another state, although stable but different from
the initial state. From this convergence of the
temperature over a very precise time interval and
taking into account the non-linearity of the stiffness,
we can deduce that during the nucleation phase,
there exists a time interval for which the stick-
phenomenon slip occurs. This behavior of the
system is confirmed by the speed evolution curves,
on which we immediately observe a damped
oscillatory movement followed by a constant
phase translated by a uniform movement at con-
stant speed. Thus, the non-linearity of the stiffness
highlights the seismic micro-activities as well as
the heat production during the nucleation phase,
highlighting the importance of the non-linearity of
the stiffness during the nucleation phase in the
dynamics of an earthquake. This is also what
Harris et al. (2021) revealed when they talked
about the importance of heterogeneity in the
nucleation process of an earthquake.

By comparing the evolution curves of the
thermal energy produced by friction for the TP,
SH, and VW laws, we see that analogously to that
of the temperature variations for the TP, SH and
VW laws, the energy profile reveals that for any
external stress on the system in its nucleation
phase, the system passes from an initial stable
state to another final stable state for the TP and
SH laws, whereas for the VW laws, the system is
constantly evolving. These analyses of the system
support our point of view that the TP and SH laws
are more stable than the VW laws during the
nucleation phase.

When y=#0, it can be seen that the system is
sensitive to variations in ®,, which are quantities
directly linked to the stiffness %, and which
correspond to the different degrees of non-linearity.
This proves that the introduction of nonlinearity
induces that the system is dependent on the elastic
properties of the medium. Harris et al. (2021)
already obtained the same conclusion during their
work on Geology and Geodesy Based Model of
Dynamic Earthquake Rupture on the Rodgers
Creek-Hayward-Calaveras Fault System, California.
Such concordance between this work and the one
of literature rightly justifies the quality of the model

19



Francis Olivier Djiogang, Fidele Koumetio and David Yemele

adopt to produce such result.

For y#0, i.e., assuming that the porous rock
with a fluid circulating therein, a decrease in the
amplitude of the seismic displacement as well as
in the sliding velocity is observed, which has the
direct effect of reducing the stress exerted on the
rock and therefore reduce the loading time of an
earthquake. This result emphasizes the importance
of thermal pressurization of rocks in the fault
nucleation process as also shown by Mase and
Smith (1987). The linear variations observed in the
velocity and displacement profiles for y=0 and
y#0 can be due either to the discontinuities
encountered in the Earth crust, or to the structure
of the fault (asperity, geometry) or even to the
thermal pressurization of the medium. Indeed, in
their work on the dynamics of the fault of
San Andrea, Lachenbruch and Sass (1980),
Lachenbruch (1980) showed that the existence
of anomalies in the structure of the fault was due
to the dynamic friction in the fault caused by the
thermal pressurization. Some authors (Sibson,
1973; Lachenbruch, 1980; Holcomb, 1981; Mase
& Smith, 1987) approves that the recovery of di-
latency accompanying the release of shear stress
during faulting can cause a negative pore dilation
and therefore a further improvement in the rate
of thermal pressurization, which could also justify
its variations.

The decrease in velocity as a function of time
in the model is comparable to the decrease in the
coefficient of friction over time or as a function of
characteristic slip in some works (Wang, 2017).
During seismic sliding, the coefficient of friction
passes from its dynamic value (which is inversely
proportional to the characteristic displacement)
towards a stable and constant value. This behavior
of the coefficient of friction is highlighted in the
velocity and temperature profiles plotted, in which
it clearly observes a decrement and a convergence
towards a fixed value. These observation results
are valid for the NLS (nonlinear stiffness) as for
the CS (constant stiffness).

8. Conclusions

In this article, it was a question for us to study
the effect of spatial variation of the stiffness
(anisotropy surrounding) during the nucleation
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phase of an earthquake. For this, we considered a
one-dimensional model of Burridge and Knopoff
studied by Wang (2017), in which we introduced
a linear (spatial) variation of the stiffness in order to
determine the displacements, velocities, thermal
energies and variation of the temperature for
different expressions of friction laws (for the TP
law, SH law and VW law). In this work, we have
not discussed the sign and the magnitudes of the
stiffness after its limited development. Because the
model is a harmonic vibrating system subjected to
an external exciting source, it can operate either
in compression (for the values of negative k) or in
tension (for the values of positive k).

By introducing the non-linearity in the stiffness
and by comparing the curves obtained as well for
the TP law, the SH law as well as for the SW law,
it was concluded that the non-linearity of the
stiffness (NLS) had for effect of stabilizing the
system when passing from one law to another.
Moreover, by comparing the cases where the
stiffness was constant (CS) and the cases where
the stiffness varied in space (NLS), we concluded
that the introduction of nonlinearity generated
during the nucleation phase a stick-slip phenomenon.

This study highlighted the importance of non-
linearity in the nucleation process. Indeed, we
showed that in order to evaluate the microseisms
recorded during the nucleation phase, the intro-
duction of non-linearity in the stiffness was also
important. Each microseism is separated from the
next by a coseismic phase (transient phase). The
introduction of nonlinearity in the stiffness revealed
the presence of a multitude of microseisms having
successively decreasing amplitudes over time
during the nucleation phase. Assuming that the
stiffness was not constant, we showed that the
loading time during the nucleation phase decreased
and that there was a transitional phase between
the different seismic elements.

The comparative study that was carried out on
the different friction laws showed that the VW
was much more unstable than the TP law and
SH law. We have shown that there exists a time
interval for which the TP law and SH law
converge and evolve following a Gaussian, and
beyond this interval, any variation in the system
parameters is zero.
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In the presence of the pore-fluid ratio, that is, for
the pore-fluid ratio different from zero and for
nonlinearities of order one and greater than one, we
have shown that the fluid has the effect of reducing
the amplitude of the signal while retaining the
shape of the initial profile obtained when the
pore-fluid ratio is zero.

We have established a correlation between the
behavior of our system and the evolution of the
coefficient of friction during its evolution, observed
in other works. The compliance of our work with
certain suggestions and theories expressed in the
work of our predecessors led us to conclude that
our model can be integrated into existing seismic
prediction models. Because the 1D model is a
simplified representation of the earthquake, we
intend to adapt it to a multidimensional coupled
dynamics of an earthquake during its nucleation
phase in order to see how it contributes to a structure
close to the fault geometry in our next work.
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Article Highlights

This article studies and solves the effect of the
non-linearity of the stiffness during the nucleation
phase of an earthquake. The output show that in
such case, the stick-slip movement takes place; the
system tends towards steady state for different
law of friction and that there always exists a transi-
tory phase before this steady state. Also proved in
this work, the existence of a multitude of micro
events with decreasing amplitudes during the
nucleation phase.
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