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ABSTRACT

Available online at: http://www.iiees.ac.ir/jsee

In this paper, a cyclic constitutive model is developed for high-strength concrete
(HSC) confined by ultra-high-strength and normal-strength transverse reinforce-
ments (UHSTR and NSTR), with the intention of providing efficient modeling for the
member and structural behavior of HSC in seismic regions. The model for HSC
subjected to monotonic and cyclic loading, comprises four components; an enve-
lope curve (for monotonic, cyclic and earthquake loadings), an unloading curve, a
reloading curve, and a tensile unloading curve. It explicitly accounts for the effects
of concrete compressive strength, the volumetric ratio of transverse reinforcement,
yield strength of ties, tie spacing, and tie pattern. The proposed envelope curve
models for confined HSC cover four options; namely, (1) rectangular (square) cross
section with NSTR, (2) circular cross section with NSTR, (3) rectangular (square)
cross section with UHSTR, and (4) circular cross section with UHSTR. Comparisons
with test results showed that the proposed model provides a good fitting to a wide
range of experimental results. The configuration of transverse reinforcement had a
particularly large effect.
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1. Introduction

High-strength concrete (HSC) is normally used
in high-rise buildings to reduce column sizes and
increase available space, and in bridge structures to
increase span lengths and cut down on the number
of supporting piers or to make use of fewer beams
on a given span length. High-strength concrete is also
used to satisfy specific needs or special applications
such as accelerated strength gain, durability, and
modulus of elasticity [1]. Despite their adoption by
the construction industry and their wide-spread
application in non-seismic regions, their use in
earthquake-prone areas has lagged behind, mainly due
to concerns regarding the inelastic deformability of
HSC columns under load reversals [2]. High-strength
concrete is generally considered as a brittle material
because failure during a compressive test occurs in a
sudden and explosive manner. The issue of ductility
is extremely important in structures subjected to

seismic loading conditions. In performing a structural
analysis in such a region, the effect of earthquake
loadings on the structure needs to be analyzed. There-
fore, an understanding of material behavior of
concrete and confining material (typically steel)
subjected to cyclic loading is necessary in such
analysis. There are experimental studies reported in
literature for the behavior of unconfined normal
strength concrete (NSC) subjected to cyclic axial
compression [3-6]. Similar studies were reported
for confined NSC (20-49MPa (2.9-7.1ksi)) subjected
to cyclic axial compression [5, 7, 8, 9, 10]. Few
experimental observations as such were reported
for HSC in literature. The available deformational
curves for unconfined and confined NSC represent
the variation of axial stress with axial strain only. In
the seismic design of reinforced concrete structures,
a sufficient level of ductility is important for energy
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absorption. With the increased use of HSC in
structures, the issue of ductility improvements has
become important. It is a common practice to use
confining reinforcement in both earthquake resisting
structures and other structures, to increase the
ductility of the structural members. The computa-
tional analysis of reinforced concrete structures
subjected to dynamic or cyclic loadings requires
realistic stress-strain material models to reproduce
the real behavior of the structure [11]. The utilization
of experimental data in order to derive mathematical
models to express physical behavior is imperative and
widely used. On the other hand, the implementation
of analytical methods for the purpose of optimizing
the derived mathematical models is also necessary.
Although valuable experimental verification is
required to understand the member and structural
behavior of high-strength materials (HSM) in
seismic regions, the development of analytical
modeling techniques can assist in this effort, particu-
larly if they constitute part of a parametric analysis.
Conducting a parametric analysis, though, especially
when aiming at assessing complete high-rise
buildings, is a very complicated issue due to uncer-
tainties related to the mathematical representation
of material properties [12].

2. Research Significance

In this paper, a constitutive model for description
of the response of HSC confined by UHSTR and
NSTR for square and circular cross sections under
general cyclic loading is presented. Compared to
previous ones, the model presents several advan-
tages. It allows considering all the hysteretic
characteristics of the complex behavior of concrete
in a simple and practical way. It can also be used
to simulate the cyclic response of HSC subjected
to general load conditions, including unloading or
reloading or mixed hysteretic loops involving the
transition from compression to tension stresses or
vice versa. Moreover, all the required input data
can be obtained through conventional laboratory
monotonic and cyclic compression tests. This is an
important issue which determines the applicability
of the present model in engineering practice. The
model has been validated by comparison with
available experimental results provided by different
authors.

3. Existing Constitutive Models

Investigations on stress-strain curves for concrete
subjected to cyclic loading dates back to the early
1960s. Several definitions are reported in literature
for the unloading and reloading branches of the
stress-strain curves for unconfined as well as
confined NSC. Sinha et al [3] suggested a second
degree parabola for the unloading curve and a straight
line for the reloading curve. It was based on experi-
mental observations for unconfined concrete. Karsan
and Jirsa [4] proposed second degree parabolas for
unloading and reloading branches for unconfined
concrete. It was based on the plastic strain ratio. A
more simplified concrete model is proposed by
Blakely and Park [13], in this model unloading and
reloading is assumed to take place along a line
without energy dissipation or stiffness deterioration
for strains smaller or equal to the strain correspond-
ing to peak stress. Mander et al [14] proposed a
reversal stress-strain curve from the compressive
loading curve as the unloading curve and reloading
path composed of a linear relationship and a
parabolic transition curve. This analytical work was
supported by the experimental work reported [8] for
spirally reinforced circular columns and for columns
with rectangular cross sections. The Otter and
Naaman [15] model was originally developed for
plain and fiber-reinforced concrete, but can also be
applied to confined concrete with little modification.
The model uses the unloading strain, the plastic
strain and the reloading point as end points of the
unloading and reloading curves. The unloading curve
is described by a polynomial equation were derived
by fitting experimental results. A simpler equation is
proposed for the reloading branch consisting one
linear expression. Chang and Mander [16] proposed
an advanced model to simulate the hysteretic behav-
ior of confined and unconfined concrete in both
cyclic compression and tension for both ordinary as
well as high-strength concrete including, the first
time, effects of degradation produced by partial
looping and a crack-closing model. The equation
used by the authors for the unloading and reloading
curves was a general Ramberg and Osgood [17]
equation adjusted by a series of parameters: the slope
at the origin and the slope at the end of each curve.
Martinez-Rueda and Elnashai [18] modified the
model by Mander et al [14] based on the observed
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lack of numerical stability of Mander’s model, par-
ticularly under large displacements. Among the
modifications made was to include the effect of
degradation in stiffness and strength due to cyclic
loading and the introduction of three different
definitions of plastic strain corresponding to low,
intermediate, and high-strain ranges and accounting
for the softening of concrete with progression of
strains. Lokuge et al [19] developed a constitutive
model for high-strength concrete with uniform
lateral confinement subjected to cyclic axial compres-
sion. It is based on the testing program carried out
for normal and high strength concrete. The envelope
curve of the proposed model is based on the 24
experimental results reported by Candappa et al [20]
as well as previous work  presented by Attard and
Setunge [21]. Unloading and reloading branches
were developed based on the 24 tests carried out by
the authors. The parabolic transition curve is the one
proposed by Mander et al [8], and plastic strain is a
modified version of that proposed by Mander et al
[8]. Konstantinidis et al [12] proposed a constitutive
model for describing the hysteretic stress-strain
behavior of HSC under reversed cyclic loading.
The envelope curve is derived from the results of
uniaxial, monotonic, compression loading tests of
108 large-scale specimens. It explicitly accounts for
the effects of concrete compressive strength, the
volumetric ratio of transverse reinforcement, yield
strength of ties, tie spacing, and tie pattern. The pro-
posed model is implemented in the finite element
program ADAPTIC, with a view to analyzing HSC
members under reversed cyclic loading. Sima et
al [11] developed a constitutive model for NSC
subjected to cyclic loadings in both compression
and tension. Particular emphasis has been paid to
the description of the strength and stiffness degrada-
tion produced by the load cycling in tension and
compression, the shape of unloading and reloading
curves and the transition between opening and clos-
ing of cracks. Two independent damage parameters
in compression and in tension have been introduced
to model the concrete degradation due to increasing
loads. Lavassani et al [22] developed a hysterical
constitutive law for reinforced concrete subjected to
earthquake loadings in both compression and tension
that was selected for refinement on modeling the
hysteretic behavior of concrete structures under
earthquake loadings by finite element codes. The  fun-
damental framework of the presented concept is

the stress-based elastoplastic-damage-fracture
(EPFD) theory. The relationships used in the com-
pression domain include the elasto-plastic fracture
behavior. The main novelty of the proposed hysteri-
cal constitutive law for reinforced concrete lies in
the fact that the foundation of constitutive formula-
tions are based on thermodynamics framework and
all the  required  parameters can be obtained through
simple formal tests.

4. Proposed Model for Confined HSC

4.1. Envelope Curve

It is commonly accepted by most researchers [4,
6, 23], among others, that the envelope curve for a
concrete subjected to cyclic axial compression can
be approximated by the monotonic stress-strain curve
of concrete. A similar conclusion was also drawn for
HSC columns confined with high-yield steel (HYS)
tested by Li et al [24]. A three-branch stress-strain
curve proposed to model the response of high-strength
rectangular and circular concrete confined by NSTR
that is based on Kappos and Konstantinidis [25] model
and conducting regression analyses on the existing
experimental data as Eqs. (1-13):
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Also, a three-branch stress-strain curve proposed
to model the response of high-strength rectangular
and circular concrete confined by UHSTR that is
based on Li et al [26-27] model and conducting
regression analyses on the existing experimental data
as Eqs. (14-23):
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For circular confined section:
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4.2. Unloading and Reloading Curves

As it has been observed by many researchers
[3, 4, 6], when a concrete specimen is monotonically
loaded up to a certain strain level and then unloaded
to a zero stress level in a typical cyclic test, the un-
loading curve is concaved from the unloading point
and characterized by high stiffness at the beginning
[11]. The stiffness gradually decreases and becomes
very flat at low stress levels and the residual plastic
strains are considerably reduced. When reloading
is performed from zero stress up to the envelope
curve, it has been observed that the curve is rather
flat in almost all of its length. Herein, a power type
equation is proposed by conducting regression
analyses on the existing experimental data for the
unloading curve of concrete, and a linear type
equation is used for the reloading curve as Eqs.
(24) to (31).
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The relationship proposed for plastic strain
has good results. The equation proposed for the
unloading branch includes the mean features of the
unloading curves obtained experimentally, such as
the curvature of the curve, the initial stiffness, the
final stiffness and the strain-plastic strain ratio.

Reloading Curve:
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The reloading response is modeled by a linear
curve as is done by most researchers [8, 10, 18, 28],
among others.

Tensile unloading branches:

The tension strength is given by following equa-
tions, when unloading from a compressive branch:
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When ),( pltc ε−ε>ε  cracks open and tensile
strength of concrete for all subsequent loadings is
assumed to be zero.

5. Model Verification- Comparison with Test
Results

5.1. Envelope Curve Model Verification

The envelope curve model has been verified by
comparing proposed model with experimental
results [26, 29, 30, 31] those from selected column
tests  presented in Tables (1) to (4) including detailed
specification of them. The comparisons included
square, rectangular and circular columns with a wide
range of confinement parameters and concrete
strengths. Sample comparisons selected from
different research programs, shown in Figures (1) to
(4), indicate a good agreement between the proposed
model and the experimental results.

Figure (1) is the comparison between stress-strain
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Table 1. HSC specimens properties for square test unites with NSTR.

Table 2. HSC specimens properties for circular test unites with NSTR.

Table 3. HSC specimens properties for square test unites with UHSTR.

Table 4. HSC specimens properties for circular test unites with UHSTR.

No. Ref. Unit  
No. 

cf ′   
(MPa) 

Section  
(mm) 

No. of  
Bars 

ygf  

(MPa) 
bd  

(%) 
S  

(mm) 
yhf   

(MPa) 
hρ  

(%) 

1 Li et al [26] 2HB 52 240-Circular 6 443 6.4 20 1318 2.94 

2 Li et al [26] 4HC 82.5 240-Circular 6 443 6.4 35 1318 1.67 

3 Razvi and Saatcioglu [31] CC-14 78.2 225-Circular 8 851 7.5 60 1000 1.59 

4 Razvi and Saatcioglu [31] CC-16 78.2 225-Circular 8 796 7.5 60 1000 1.59 

 

No. Ref. Unit  
No. 

cf ′   
(MPa) 

Section  
(mm) 

No. of  
Bars 

ygf  

(MPa) 
bd  

(%) 
S  

(mm) 
yhf   

(MPa) 
hρ  

(%) 

1 Li et al [26] 3A 63 240-Circular 6 443 6 20 445 1.53 

2 Li et al [26] 6A 63 240-Circular 6 443 6 35.5 445 0.82 

3 Li et al [26] 3B 72.3 240-Circular 6 443 6 20 445 1.53 

4 Li et al [26] 6B 72.3 240-Circular 6 443 6 35.5 445 0.82 

5 Razvi and Saatcioglu [31] CC-8 105.4 225-Circular 8 660 6.3 70 660 1.2 

6 Razvi and Saatcioglu [31] CC-10 105.4 225-Circular 8 400 11.3 60 400 3.67 

7 Razvi and Saatcioglu [31] CC-11 105.4 225-Circular 8 660 6.3 60 660 1.2 

 

No. Ref. Unit  
No. 

cf ′   
(MPa) 

Section  
(mm) 

No. of  
Bars 

ygf  

(MPa) 
gρ  

(%) 
S  

(mm) 
yhf   

(MPa) 
hρ  

(%) 

1 Nagashima et al [29] HL06LA 118 225×225 12 378 2.4 45 807 2.03 

2 Nagashima et al [29] HL08LA 118 225×225 12 378 2.4 35 807 2.61 

3 Cusson and Paultre [30] 5A 99.9 235×235 4 420 3.6 50 705 2.9 

4 Cusson and Paultre [30] 5B 99.9 235×235 8 450, 406 3.6 50 770 3.43 

5 Cusson and Paultre [30] 5C 99.9 235×235 12 450, 406 3.6 50 770 3.62 

6 Cusson and Paultre [30] 5D 99.9 235×235 12 450, 406 3.6 50 770 4.69 

7 Li et al [26] 1A 60 240×240 4 443 0.8 20 445 2.63 

8 Li et al [26] 2A 60 240×240 8 443 1.6 20 445 4.48 

9 Li et al [26] 4A 60 240×240 4 443 0.8 35 445 1.5 

10 Li et al [26] 1B 72.3 240×240 4 443 0.8 20 445 2.63 

11 Li et al [26] 5B 72.3 240×240 8 443 1.6 35 445 2.56 

 

No. Ref. Unit  
No. 

cf ′   
(MPa) 

Section  
(mm) 

No. of  
Bars 

ygf  

(MPa) 
gρ  

(%) 
S  

(mm) 
yhf   

(MPa) 
hρ  

(%) 

1 Nagashima et al [29] LH08LA 57.3 225×225 12 378 1.86 55 1386 1.66 

2 Nagashima et al [29] HH15LA 58.5 225×225 12 378 1.86 45 1366 3.9 

3 Li et al [26] 1HB 52 240×240 8 443 1.6 20 1318 5 

4 Li et al [26] 3HB1 52 240×240 8 443 1.6 35 1318 2.86 

5 Li et al [26] 3HC1 82.5 240×240 8 443 1.6 35 1318 2.86 
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Figure 1. Comparison of experimental data with proposed model
for square cross section confined by NSTR.

curves under monotonic compression loading of the
HSC specimens for square test unites with NSTR,
see Table (1) and [26, 29, 30], and that of the
proposed model. The stress-strain curve of the
proposed model fits the experimental results well
especially in ascending branch and maximum point
although for Nagashima et al [29] and Cusson and
Paultre [30] data. Figure (2) is the comparison
between stress-strain curves under monotonic
compression loading of the HSC specimens for
circular test specimens with NSTR, see Table (2) and

Figure 2. Comparison of experimental data with proposed
model for circular cross section confined by NSTR.

Figure 3. Comparison of experimental data with proposed
model for square cross section confined by UHSTR.
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Figure 4. Comparison of experimental data with proposed
model for circular cross section confined by UHSTR.

[26, 31], and that of the proposed model. The
proposed model in this study agrees quite well with
the experimental results. Figure (3) is the compari-
son between stress-strain curves under monotonic
compression loading of the HSC specimens for
square test specimens with UHSTR, see Table (3)
and [26, 31], and that of the proposed model. The
proposed model agrees with the test results fairly
well especially with those of Li et al [26] while at the
same time it underestimates the test results of
Nagashima et al [29]. Figure (4) is the comparison
between  stress-strain curves under monotonic com-
pression loading of the HSC specimens for circular
test unites with UHSTR, see Table (4) and Li et al

Table 5. HSC specimens properties for square test unites with UHSTR for cyclic compression loading.

[26, 31], and that of the proposed model. The
proposed model is in good agreement with the test
results.

5.2. Cyclic Constitutive Model Verification for
Confined HSC

In the case of cyclic compression, results from
works performed by Muguruna et al [32] and Li
et al [26] have been considered as Table (5). Fig-
ures (5) to (8) present the experimental result [26,
32] and analytical predictions of the proposed
model. As shown in Figures (5) to (8), it was found
the assumption that the monotonic loading curve
represents the skeleton curve of the stress-strain
curves under cyclic loading is still valid, regardless
of the concrete compressive strength and the yield
strength of transverse reinforcement. Also, in gen-
eral, the proposed model is in good agreement with
the test results. Better agreement is achieved with
the results of Li et al [26] than with those of Muguruna
et al [32] with both test data sets being overesti-
mated  by the model. Further experimental results
for circular cross section with NSTR and UHSTR
are needed in order to establish well-founded models
and to improve the proposed constitutive model.

Figure 5. Comparison of experimental data for Specimen PS5-
7R tested by Muguruna et al [32] and proposed
cyclic constitutive model.

No. Ref. Unit  
No. 

cf ′   
(MPa) 

Section  
(mm) 

No. of  
Bars 

S  
(mm) 

yhf   

(MPa) 
hρ  

(%) 

1 Muguruna et al [32] PS5-7R 56.8 147.4×147.4 0 50 1360 4.26 

2 Muguruna et al [32] PD5-9R 80.4 147.4×147.4 0 50 1360 4.26 

3 Li et al [26] 3HB3 52 240×240 8 35 1318 2.86 

4 Li et al [26] 3HC3 82.5 240×240 8 35 1318 2.86 
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Figure 6. Comparison of experimental data for Specimen PD5-
9R tested by Muguruna et al [32] and proposed
cyclic constitutive model.

Figure 7. Comparison of experimental data for Specimen
3HB3 tested by Li et al [26] and proposed cyclic
constitutive model.

Figure 8. Comparison of experimental data for Specimen 3HC3
tested by Li et al [26] and proposed cyclic constitutive
model.

6. Conclusions

In this work, a cyclic constitutive model is devel-
oped for HSC confined by normal-strength and
ultra-high-strength transverse reinforcement leads
to the following conclusions:
v The proposed envelope curve models for confined

HSC cover four options; namely, (1) rectangular
(square) cross section with NSTR, (2) circular
cross section with NSTR, (3) rectangular (square)
cross section with UHSTR, and (4) circular cross
section with UHSTR.

v The proposed compression unloading, reloading
curves and plastic strain are in good agreement
with the experimental results.

v The proposed monotonic loading curve forms an
envelope of curves for the cyclic loading.

v The most significant parameter affecting the
shape of the stress-strain curve of confined
concrete for all section shapes was the quantity
of confining reinforcement, in the form of spirals
for circular columns, or rectangular hoops or cross
ties for square or rectangular columns.

v The configuration of transverse reinforcement had
a particularly large effect.

v The proposed model provides good agreement
with the test results, and this model would be
sufficiently accurate for application in nonlinear
response analyses although there is a little
discrepancy with the test results.

v The relationship proposed for plastic strain yields
good results. The equation proposed for the
unloading branch includes the mean features of
the unloading curves obtained experimentally,
such as the curvature of the unloading curve, the
initial unloading stiffness, the final unloading
stiffness and the unloading strain-plastic strain
ratio.
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Notation

cb = center-to-center width of the perimeter tie
iC = center-to-center distance between laterally

supported longitudinal bars
cd = center-to-center height of the perimeter tie
sd = diameter of the ties (circular hoop or spiral)
cE = tangent modulus of elasticity of concrete
secE = secant modulus of elasticity
tE = modulus of elasticity of concrete acting in

tension
'

cf = specified concrete compressive strength
'

ccf = confined concrete compressive strength
yhf = yield strength of the transverse reinforcement

steel
yf = yield strength of the longitudinal reinforcement

steel
tf ′ = tensile concrete strength

s = spacing between the ties
α = modified factor for calculating the effectiveness
of confinement

cε = axial concrete strain in general
ccε = strain at maximum confined strength of

concrete '
ccf

coε = compressive strain at maximum in-place uncon-
fined concrete strength '

cf
plε = plastic strain
unε = unloading concrete strain
tε = tensile concrete strain in general
roε = initial concrete stress on reloading branch

ccf ′ε 35.0 = strain at which stress in confined concrete
drops to '35.0 ccf

ccf ′ε 5.0 = strain at which stress in confined concrete
drops to '5.0 ccf

hρ = volumetric ratio of transverse reinforcement
gρ = volumetric ratio of longitudinal reinforcement
cσ = concrete stress in general
newσ = degraded concrete stress
unσ = reversal envelope stress
roσ = initial concrete stress on reloading branch
tσ = tensile concrete stress in general


