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One of the important factors in determining the response of the structures is the
correct evaluation of the input motion. This input excitation can be affected by
various factors such as the propagation of waves in different layers, site effects,
interaction of soil-structure, etc. Another problem with the numerical analysis is the
use of appropriate absorbing boundaries to prevent the return of scattered waves
into the analysis environment. Besides, the non-linear behavior of construction
materials can also change the propagated waves, which makes the problem more
complicated. One of the simple methods to estimate the nonlinear behavior of ma-
terials is to use the equivalent linear analysis method, which is still used due to its
simplicity and ease of use. In this research, by preparing the finite element time
domain dynamic analysis code using C programming language, the response of the
free field, which is the first step in estimating the soil-structure interaction effect, has
been evaluated using the equivalent linear analysis method. In addition, to increase
the accuracy of the results, radiation damping simulation by perfectly matched
layers (PML) has been implemented. This program uses four-nodded quadrilateral
elements and the implicit Newmark method to solve the dynamic equation. For
using PML in the equivalent linear method, the PML properties were updated based
on adjacent elements to avoid reflection from boundaries. The results showed that
the nonlinear behavior of materials can change responses significantly in a way
that it be far away from results of the linear analysis. Furthermore, the results showed
that the procedure adopted to perform equivalent linear analysis using PML is
efficient.
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ABSTRACT

1. Introduction

Wave propagation in soil plays a crucial role in
the input motion arriving at the structures. Numerical
models predicting the excitation should therefore
account for dynamic soil-structure interaction at
the source and the receiver and incorporate a
model that accurately describes wave propagation
in the soil.

Volume gridding methods as the finite element
method, the finite difference method, and the
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spectral element method allow modeling arbitrary
layering. As the soil is semi-infinite, however,
absorbing boundary conditions are needed to
consider the radiation damping. Boundary con-
ditions limit the numerical model dimensions and
preserve the banded structure of the system
matrices, but may cause spurious wave reflections
from the boundaries. Therefore, to prevent the
effects of these reflections, large extended meshes
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are needed. Furthermore, there are some limitations
in mesh dimensions such that the length of the
elements relative to the smallest wavelength of
the propagating wave should be small; This limi-
tation imposes small elements at high frequencies.
Both conditions result in models that become
prohibitively large.

In numerical analysis, the only finite domain of
the soil medium is modeled and get analyzed. To
prevent the reflection of radiation waves from
boundaries, a boundary condition (BC) is imposed.
The accuracy of the numerical analysis depends on
the performance of these boundary conditions and
absorption of deflected waves. To simulate such
boundary conditions, many approaches have been
developed and the accuracy of absorbing boundary
conditions has been improved over the years.
Perfectly matched layer (PML) is one of these
absorbing boundaries which has been used in
different sciences as an absorbing boundary to
simulate a semi-infinite media. By using PML, the
modeling dimensions and volume of calculations
are able to decrease without losing response
accuracy and any consideration about incident
wave frequency or direction.

In 1994, Berenger (Berenger, 1994) used per-
fectly matched layers to solve the governing
equation of electromagnetic wave propagation in
unbounded media using finite difference time
domain (FDTD) method. In 1996, Hastings et al.
were the first researchers who applied perfectly
matched layers to the problem of elastic wave
propagation problem. By introducing new functions,
they decomposed the corresponding potential
functions into primary and secondary waves and
by applying reducing parameters; they solved the
elastodynamic equations in terms of stress and
velocity by the finite difference method in the time
domain and in a two-dimensional environment. In
1996, Chew and Liu defined a perfectly matched
medium using mixed coordinates and showed that
it reduces the amplitude of the propagated waves
in the defined directions.

In 1997, Chew et al. expressed Maxwell's
equation in perfectly matched medium by changing
the variable to the usual form   of Maxwell's equation
in complex coordinates and showed that many
existing analytical solutions can be transferred to

complex coordinates. In 1998, Turkel and Yetef
investigated the performance of perfectly matched
layers proposed by Berenger in solving the
Helmholtz and Maxwell equations in the acoustic
environment.

In 2000, Harari et al. applied the PML equations
in the harmonic analysis of wave propagation in
an acoustic unbounded medium in the time domain.
In 2001, Collino and Tsogka explained how to use
the method of decomposition of potential functions
in the formulation of the PML with the split space
approach, to solve the general hyperbolic equation,
and applied their method to solve the elastodynamic
equations in inhomogeneous environments. In
2003, Komatitsch and Tromp presented a for-
mulation for PML for analyzing the displacement
field and using it to solve the elastodynamic
equations by the spectral element method. Also in
2003, Festa and Nielsen extended the studies of
Collino and Tsogka to the three-dimensional
system and by solving various problems; they
investigated the ability to absorb Rayleigh waves
by the PML. They also showed that the thickness
of PML can be considered small even in low
frequency studies.

In 2003 and 2004, Basu and Chopra defined
perfectly matched layers for solving elasto-
dynamic problems with harmonic excitation using
mixed coordinates and solved the equations by
finite element method. They also transferred the
obtained equations to the time domain and pre-
sented a method for analyzing problems in the
time domain. In 2004, Rylander and Jin presented
a new formulation for the definition of PML in
solving Maxwell's equation using the finite element
method and transferred the frequency-dependent
equations to the time domain and proposed a
method to solve the equations in the time domain.
In 2006, Harari and Albocher conducted a par-
ametric study on PML used in harmonic
elastodynamics problems using the finite element
method and proposed values for the parameters
of perfectly matched layers. In 2009, by using
auxiliary variables, Qin et al. decomposed the
equation governing the environment of PML in
the time domain into two normal and reducing
parts, and with this method, the convolution
term units were prevented after transferring
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the equations to the time domain. They proposed
a new method with simpler equations, easier
programming and less required memory based on
the finite difference method to solve the environ-
mental equations of PML. In 2009, Basu presented
an optimal method for numerical integration in
solving the equations of PML in the time domain
and used it in solving three-dimensional problems.
In 2011, by defining additional variables corres-
ponding to the stresses in the environment of
PML, Kucukcoban and Kallivokas presented a
formulation that can be used to solve the equations
of perfectly adapted layers in the time domain
using conventional numerical integration methods.
In 2014, Khazaee and Lotfi showed that PML
boundary condition is the most efficient method
in time harmonic analysis in the dynamic analysis
of dam reservoir systems.

Davoodi and Pourdeilami (2017) and Davoodi
et al. (2018, 2020, 2021) solved the problem of
wave propagation in a semi-infinite two-dimen-
sional environment by using PML and investigated
the effect of the interaction between the structure
(earth-filled dam) and the soil. In 2021, Zhang
and Taciroglu developed both two- and three-
dimensional viscoelastic PMLs that incorporate
the effects of Rayleigh damping. They imple-
mented proposed PMLs in ABAQUS through a
user defined element (UEL) subroutine.

Because of the related structures and the
nature of required models in civil engineering and
especially in geotechnical engineering, the use of
absorbing boundaries to have an accurate result
is necessary. In this study, a series of models
considered investigating the wave propagation in
semi-infinite media. In all considered models,
PML has been used to absorb scattered waves
at the base. Also, to study the effect of nonlinear
behavior of the materials, the equivalent linear
analysis has been done. Because of the nature of
the PML, properties of these elements in equivalent
linear analysis were updated based on adjacent
elements to avoid reflection from boundaries. For
this purpose, a code has been developed for
dynamic analysis in time domain using finite
element method by C programming language,
called "IDAMP". In this code the modeling and
analysis of the geometry, layering, and loading

with an elastic material behavior is possible. This
program uses four-nodded quadrilateral elements
and the implicit Newmark method to solve the
dynamic equation.

2. Free-Field Column Models

The application of the prepared program has
been evaluated with different models in linear
time domain analysis (Davoodi & Pourdeilami,
2017, (Davoodi, et al., 2020, Davoodi, et al., 2021
and Davoodi, et al., 2018). In all models used in
this study, the minimum size of all elements has been
considered to be less than one-tenth to one-eighth
of the lowest length of the incident waves
(Kuhlemeyer & Lysmer, 1973). Also, the optimum
thickness of the PML has been considered based
on the literature (Davoodi & Pourdeilami, 2017 and
Davoodi, et al., 2020).

2.1. Effect of Damping Ratio on the Response of
Free-Field Column

In order to control the effect of the damping
ratio on the final results and also to evaluate the
trend of the variety of damping ratio on the
maximum free-field column displacement, a
sensitivity analysis of the results has been per-
formed, using a linear analysis on different input
values of the damping ratios.

For this purpose, a 50 m column consisting of
materials with a shear wave velocity of 25 m/s
has been considered (as shown in Figure (1). Also,
in this model and analysis, constant damping
ratios of 0, 1, 2, 5, 10 and 20% have been con-
sidered. A displacement excitation as a normal
distribution function with an amplitude of 25 cm
was applied at the interface of the soil environ-
ment and PML. An applied excitation has been
shown in Figure (2).

The results of the pick point of the column
provided as shown in Figure (3).

As can be seen in this figure, the amount of
the damping ratio has a direct effect on the
column's displacement, but no relationship can be
considered for the amount of damping ratio and the
response amplitude.

2.2. Equivalent Linear Analysis

The equivalent linear method gives an
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Figure 3. Displacement of peak point of the 50m height column with different damping ratios under applied load.

Figure 1. 50 m height free-field column based on 5m PM.
Figure 2. Applied excitation as normal distribution of the
displacement with an amplitude of 25 cm.

approximation of real nonlinear dynamic behavior.
Although the accuracy of the equivalent linear
method is lower than nonlinear methods, there are
several reasons why equivalent linear methods
are often utilized in practice. One reason is the
simplicity of defining the input data, as the required
data can be obtained directly from laboratory tests
easily.

In order to perform equivalent linear analysis, it
is necessary to determine the changes in shear
modulus and damping coefficient against shear
strain. For this purpose, in the present study and
in examining the results of the equivalent linear
analysis, four sets of diagrams of shear modulus
and damping coefficient against shear strain have
been used. These diagrams include: diagrams
provided by Seed and Idris (1970) developed in
1970, relation developed by Darendeli (2001) and
the relation developed by Roblee and Chiou (2004)

in 2004. Considered relations between shear
modulus and damping coefficient against shear
strain have been shown in Figure (4).

3. Analysis

To investigate the performance of the pre-
pared program for equivalent linear analysis,
several analyses have been carried out, the results
of which are presented below.

3.1. A Free-Field Column with 30 m Height

In the first step, for checking the performance
of the prepared equivalent linear analysis program,
an attempt was made to compare the results with
linear analysis. To do this, a one-layered column with
30 m height and shear wave velocity of 320 m/s
as shown in Figure (5) has been considered. An
excitation of Gaussian distribution of displacement
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Figure 4. Considered G-D-γ relations for equivalent linear analysis.

which its velocity time history is shown in Figure (6)
was applied in the boundary of the soil and PML
and obtained results has been shown in Figure (7).
Here, the analysis has been done using different
G-D-γ relations presented in Figure (4). The linear
analysis result also compared with Plaxis extended
mesh in Figure (7).

As can be seen in this figure, linear response of
prepared program perfectly matched with Plaxis
results. Also, in the very small shear strains
criteria and near the linear behavior of material,
the equivalent linear analysis results have a very

Figure 7. Results of a 30m height column linear and equivalent linear analysis under a very low amplitude excitation.

Figure 6. Applied velocity time history to the base of the 30m height free-field column.

Figure 5. 30 m height free-field column with 5m PML in the base.
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good compliance with linear analysis and the per-
formance of the prepared program is suitable in
these criteria.

For more investigation, this column was again
analyzed under excitation with an amplitude 10 times
of the previous step, the results of which are
presented in Figure (8).

In small strains, due to the non-linear behavior
of the materials, the results are far from the linear
analysis, but a good agreement can still be seen
in the results. Differences in the equivalent
linear analysis results are due to the fact that the
pattern of changes in shear modulus and damping

coefficient against shear strain is not the same.
In order to further investigation, the same 30 m

column was analyzed under the excitation shown
in Figure (9). In this case, the materials some-
what enter into nonlinear behavior and deviate
from linear behavior. To control the results, it was
taken advantages of Abaqus software and the
semi-infinite boundary in it. The results of IDAMP
were obtained and compared with Abaqus, which
is shown in Figure (10). It should be mentioned
that the analysis in Abaqus and IDAMP in this
case was done only using Seed's G-D-γ relations
introduced in Figure (4).

Figure 10. Comparison of the Abaqus and IDAMP responses.

Figure 9. Applied velocity time history in IDAMP and ABAQUS.

Figure 8. Results of a 30m height column linear and equivalent linear analysis under a low amplitude excitation.
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As can be seen in this figure, the response of
IDAMP and Abaqus software completely match
with each other using the same G-d-γ diagrams. It
can also be seen that the nonlinear behavior of
the material changed the column responses con-
siderably in comparison with linear analysis.

What can be seen in all the analyzes done here,
the use of PML has caused to not have a wave
reflection from the borders.

3.2. A free-Field Column with 50 m Height

In order to check the performance of the
prepared program and PML efficiency in different
frequencies, a free-field column with 50 m height
and shear wave velocity of 320 m/s has been
con-sidered as shown in Figure (1). Two types of
velo-city time histories were considered. The first
group of wavelets with a Gaussian distribution
with a dominant frequency of 0.9, 1.5 and 3 Hz,
which have an amplitude of 0.6 m/s (Figure (11))
and the second group wavelets with a Gaussian
distribution and a dominant frequency of 0.9, 1.5

and 3 Hz, whose displacement amplitude is scaled
to 0.25 m (Figure (12)).

For a 50 m height column under the excitation
of wavelets with velocity of 0.6 m/s and different
dominant frequencies (group one), the results are
presented in Figure (13).

For the second group of wavelets, the displace-
ment of a surface point of the column has been
shown in Figure (14).

As can be seen in the figures above, the per-
formance of PML in absorbing reflected waves
from boundaries for different frequencies and
analysis using the equivalent linear method, is
suitable and can be used in the analysis of earth-
quake records which have different frequency
content.

4. One-Layered Column Analysis

To investigate the effect of excitation's intensity
on the response of the behavior of the materials
in semi-infinite free-field, a Gaussian distribution
with dominant frequency of 0.9 Hz was scaled

Figure 12. Considered time histories with dominant frequency of 0.9, 1.5 and 3 Hz and displacement amplitude of 0.25 meters
(group 2).

Figure 11. Considered time histories with different dominant frequency and velocity of 0.6 m/s (group 1).
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in such a way that the characteristics of the
obtained records are according to Table (1) and
Figure (15).

Based on these records, a 50 m height column
with an initial shear wave velocity of 320 m/s was
analyzed, and the results are presented in

Figure 13. Response of the surface point of a 50-meter
column under velocity time history with an amplitude of
0.6 m/s.

Figure 14. Response of the surface point of a 50-meter
column under displacement time history with an amplitude of
0.25 m.

Table 1. General characteristics of the scaled records.

Figure (16).
In order to investigate the effect of the records'

intensity on the response of the considered soil
column, in Figure (17), the results of considered
relation based on the Seed and Idriss (1986) is
presented.
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Figure 15. Considered scaled records time history.

Figure 16. Response of the surface point of the 50 m column under scaled records.
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Figure 16. Continue.

Figure 17. Response of the considered soil column under scaled excitations.

As can be seen in this figure, by increasing
the intensity of the input excitation, the material
experiences more shear strain and the stiffness of
the elements decreases accordingly. As a result,
the time for arriving the wave to the top of the
column increases. Also, with the increase of mag-
nitude, the results of the equivalent linear analysis
are further away from the results of the linear
analysis.

For more analysis, the same 50 m column with

320 m/s shear wave velocity has been considered
and the Imperial Valley earthquake record whose
characteristics are presented in Table (2) has been
applied.

The velocity time history and Fourier spectrum
of considered Imperial Valley earthquake has been
shown in Figure (18).

The response of the ground surface of the
column has been shown in Figure (19). Also, in
Figure (20) the frequency content of the results
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Table 2. Characteristics of Imperial Valley earthquake record.

Figure 18. Applied Imperial Valley record to the base of the 50m height free-field column.

Figure 19. Response of the surface point of the 50m height column under Imperial Valley earthquake.

Figure 20. Fourier amplitude of the responses of 50m height column with soft soil under Imperial Valley earthquake

has been presented.
As can be seen in this figure, the response of

the analysis using the equivalent linear method
based on the different relations considered are

completely consistent with each other, and due to
the softness and damping of the materials in the
equivalent linear analysis compared to the linear
analysis, we can see a phase difference in the
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response of the two methods.
To investigate the effect of the nonlinear be-

havior of materials, the previous analysis repeated
using the material with initial shear wave velocity
of 100 m/s. the response of the surface point of
the column and its frequency content has been
shown in Figures (21) and (22).

As can be seen from the comparison of
Figure (19) and Figure (21), as the stiffness of
the material decreases, the shear strain of the
elements increases and as a result the non-linear
behavior of the material increases. Also, as the
initial materials wave velocity considered lower
and accordingly materials gets softer, frequency
content of the responses gets vary from what
linear analysis obtained.

5. Conclusion

In this study, wave propagation in semi-infinite
soil column and therefore free-field response has
been investigated. A finite element time domain
code has been developed using the C programing
language called "IDAMP". This code uses four-
nodded quadrilateral elements and the implicit
Newmark method to solve the dynamic equation.

Figure 21. Response of the peak point of the 50m height column with soft soil under Imperial Valley earthquake.

Figure 22. Fourier amplitude of the responses of 50m height column with soft soil under Imperial Valley earthquake.

It can simulate semi-infinite media by using per-
fectly matched layers at the boundaries. Different
soil columns have been considered, and various
excitations have been applied to the models. The
results of linear and equivalent linear analysis
have been verified using different models. To do
equivalent linear analysis, the maximum strain of
each element is obtained at the end of each
linear analysis and an efficient strain has been
calculated. After that, based on the given variation
of the material shear modulus and damping ratio
by the shear strain, for each model element, the
material properties have been updated and analysis
is repeated until the relative difference between
the material properties, such as the shear modulus,
in two successive iteration steps become less than
5% for all model elements. The PML parameters
have also been updated in each analysis to be
compatible with the adjacent elements to avoid
wave reflection from the boundaries. The results
show that:
- By increasing the intensity of the input excit-

ation, the material experiences more shear strain
and the stiffness of the elements decreases
accordingly. As a result, the time for the wave
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arrival at the top of the column increases, and
it can be seen that there is a phase difference
in the responses. Also, with the increase of
the magnitude, the results of the equivalent
linear analysis are further away from the results
of the linear analysis.

- The efficiency of PML in absorbing different
frequencies has been investigated in both
linear and equivalent linear analysis, and it has
been shown that it works perfectly. There is
not any refraction or reflection in the considered
models. So as a result, PML is a suitable ab-
sorbing boundary to use in the analysis under
earthquake excitation, which contains a variety
of frequencies.

- The considered procedure in the prepared
program for equivalent linear analysis worked
well. PML properties are completely matched
with adjacent materials and propagating wave
easily enters the PML environment.

- Analysis of a column under earthquake excita-
tion shows that the nonlinear behavior of
materials can change the responses considerably
in comparison with linear analysis.
Generally, all the results show that PML is an

efficient absorbing boundary and is able to eliminate
the unwanted scattered motions regardless of the
frequency or direction of the waves. Also, the
ability of prepared code (IDAMP) was investigated
and showed that it is capable to do equivalent
linear analysis considering PML as an absorbing
boundary. IDAMP can consider different layers
with various materials and variations of the material
shear modulus and damping ratio with the shear
strains for each layer. This manuscript is a part of
an ongoing study and the research team will
attempt to eventually cover phenomena such as
the nonlinear behavior of geomaterial, multiphase
medium, etc., using PML as an absorbing
boundary.
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