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Wavelet transforms have been used for 20 years to reduce dynamic analysis
costs, with studies suggesting the use of this method for three levels of
decomposition. In addition, in these studies, the time step of the solution is
assumed to be equal to the time step of the earthquake record and therefore
the stability of the numerical method is essential in such cases. Also, in
previous studies, the effects of the distance from the fault on the accuracy
of the approximate waves have not been evaluated. This paper examines
the accuracy of wavelet-based down-sampling methods for 50 far-field,
near-field, and pulse-like earthquake records and 24 wavelet functions.
Also, two numerical methods, Newmark's average acceleration and the
interpolation-based method are studied. The results of this research
show that Newmark's average acceleration method is suitable for wavelet-
based dynamic analysis. Also, in this study, it is shown that by choosing
the appropriate wavelet function, even up to four levels of decomposition
may be used with an error of less than 2%. Therefore, with this work, the
cost of calculations may be reduced up to 16 times.
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1. Introduction

In dynamic analysis, if the time step of the input
load is smaller than the accuracy time step of the
numerical solution method, it can lead to an increase
in the cost of calculations (Majidi et al., 2023).
Therefore, the use of down-sampling methods can
help increase the time step of dynamic loads. In the
dynamic analysis of structures with dominant mode
period of more than 2 seconds under earthquake
load, the time step of the earthquake is often larger
than the time step of the accuracy of the numerical
method (Soroushian, 2008). Therefore, in this
category of analysis, by increasing the time step of
the earthquake, the time step of the solution can
also be increased. Using wavelet-based down-
sampling methods is one of the smart ways to
increase the time step of earthquake records (Majidi
et al., 2023).

Several down-sampling techniques employ
linear and nonlinear interpolations to extend the
time step of earthquake recordings. Soroushian
(2008) implemented a straightforward interpolation
approach to decrease the number of ground motion
data points, significantly reducing the computational
expenses associated with structural analysis.
Subsequent investigations by Nateghi (2011) utilized
this method for dynamic analysis of a silo, while
Soroushian et al. (2011) applied it to reduce
computation costs in reservoir analysis, demon-
strating its effectiveness for real-world structures.
Hosseini et al. (2013) employed the short-time
Fourier transform to streamline computational
efforts in analyzing SDOF structures. However,
it's important to acknowledge that these methods
may introduce calculation errors if they fail to
account for the frequency characteristics of
earthquake records when increasing time steps.
Majidi et al. (2023) showed that if the frequency
characteristics of earthquake records are not
considered in the process of reducing sampling, the
calculation error increases.

The use of wavelet transform to decrease time
steps in earthquake records was first investigated
on structures with linear behavior (Salajegheh &
Heidari, 2002). In another study, Salajegheh and
Heidari (2004) used Haar or Daubechies1 wavelet
transform and artificial neural networks to reduce
computations related to the optimization process of

a modified genetic algorithm. In this study, the
cross-sectional area of the members of a two-
dimensional truss was optimized and the cost of
optimization calculations was reduced more than
80% with an error of less than 8%. They also
studied the wavelet filter bank method in other
research and showed that the cost of calculations
was reduced by 90% considering a calculation
error about 7% (Salajegheh & Heidari, 2005).

The challenge of high computational cost is
more important in the dynamic analysis of non-
linear systems, and therefore application of DWT
method on these problems should be investigated.
Heidari et al. (2019) used discrete wavelet
transform to reduce the computational cost of
calculating nonlinear response spectra. They
studied 20 earthquake records and 6 ductility
coefficients and used Daubechies 4 wavelet
transform in their research. The maximum error
of the estimated response spectra at the third
stage of filtering was up to 70% while its average
value was 25%. In another study, Kamgar et al.
(2020) analyzed a 7-story structure using nonlinear
beam column elements of OpenSees software.
They used Haar wavelet transform and examined
it for 8 far-field and near-field earthquake records.
They showed that the approximate waves of the
third stage of filtering have an error of less than
5%. Dadkhah et al. (2020) performed incremental
dynamic analyses for a two-dimensional 6-story
structure with concentrated plastic hinges using
Haar wavelet transform. They studied approximate
waves of 15 near-fields and far-fields earthquake
records. They compared the drift ratios and the
base shear of the structure at different intensity
measures for the approximate waves and original
ones. The average error of these parameters for
the approximate waves of the third stage of filtering
was between 2% to 13%. Kamgar et al. (2021)
reduced the cost of calculations in the dynamic
analysis of structures considering the effects of
soil-structure interaction. They studied 20, 25, 30
and 35 story structures for 20 different earthquake
records. These records were filtered up to 5 stages
using the Daubechies4 wavelet transform. The
calculation errors of the maximum displacement
of the structures for the approximate waves of the
third stage of filtering were up to 90%, but in
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most cases the errors were between 2 and 36%.
Kamgar et al. (2022) examined the performance
of the Daubechies4 wavelet function to reduce
the cost of IDA. They examined the response of
SDOF systems for 12 earthquake records and
found the calculation error up to 35% for this
wavelet function. In 2021, Javdanian et al. (2021)
studied the use of wavelet-based down-sampling
methods to obtain site responses. In this study,
they evaluated only one soil profile and 42 earth-
quakes (42 analyses). In this study, only the
response of single-degree of freedom systems
was investigated. In this paper, the obtained
results show the proper performance of wavelet
transform in eliminating high frequencies of
earthquake waves. In other words, in this article,
wavelet transform was used as a mathe-matical
tool to remove high frequencies in order to remove
noise in the earthquake record.

In 2023, for the first time, Majidi et al. (2023)
investigated the effect of wavelet functions on the
accuracy of wavelet-based down-sampling
methods. In this study, 36 wavelet functions and
100 earthquake records related to soils of different
types were analyzed. In this study, earthquake
records were decomposed to 3 levels.

Also, the effects of the distance of the earthquake
record from the fault, as well as the effect of the
numerical method of integration on the accuracy
of the calculations, were not evaluated.

By reviewing previous studies, it can be seen
that several points have not yet been investigated
in wavelet-based down-sampling methods. The
first problem is to choose the appropriate wavelet
function in order to increase the accuracy of
these methods in levels 4 and 5 of decomposition.
The reason for the importance of this issue is the
significant reduction of calculations at these levels.
In other words, in the wavelet method, for each
level of decomposition, the cost of calculations
can be reduced by 2 times. Therefore, the first to
fifth decomposition levels can reduce the cal-
culation cost by 2 times, 4 times, 8 times, 16 times
and 32 times, respectively. The next discussion
that has been neglected in these studies is the
investigation of the effect of numerical integration
methods on the accuracy of down-sampling. Also,
in these studies, the effects of the distance from

the fault on the accuracy of down-sampling
methods have not been investigated. In this regard,
in the following, 50 earthquake records far from
the fault and near the fault are decomposed up to
5 levels using wavelet transformation.

Also, 24 wavelet functions that have been
proposed in various studies to reduce the sampling
of earthquake records are evaluated. Besides, the
performance of two numerical methods of
integration is also checked on these approximate
waves. In the end, a 20-story steel structure
with approximate waves obtained from wavelet
transformation will be investigated.

2. Wavelet Transform

Wavelet transform is a tool for frequency analy-
sis of waves (Mallat, 1999). Wavelet transform
can extract the time and frequency information
of the wave simultaneously by using two charac-
teristics of scale and shift. In wavelet transform,
scale involves analyzing signals at different
resolutions, capturing broad features at higher
scales and finer details at lower scales. Shift refers
to moving the analyzing window across the signal,
enabling the examination of localized features or
changes at different positions. Together, they
facilitate comprehensive signal analysis (Mallat,
1999).

According to Figure (1), it can be seen that by
using wavelet transformation, the occurrence time
of different frequencies can be extracted. Wavelet
transform is divided into two categories: discrete and
continuous. Wavelet transformation can be discrete
or continuous by three parameters: time, scale, and
shift.

On the other hand, continuous wavelet trans-
form can also be used for discrete waves in time,

Figure 1. Relationship between time, frequency, and
wavelet amplitude. (a) Time-Series, (b) Fourier Spectrum and
(c) Wavelet Transform.
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in the case that continuous wavelet transform is
used for discrete waves, two parameters of scale
and shift are actually continuous.

Continuous wavelet transform is mostly used
for time-frequency studies, and discrete wavelet
transform is used as a filter bank. Continuous
wavelet transform is defined according to
Equation (1) (Alonso et al., 2004; Jena et al.,
2021; Kankanamge et al., 2020; Mallat, 1999;
Nagarajaiah & Basu, 2009; Pandit & Sharma,
2020; Pnevmatikos & Hatzigeorgiou, 2017).

( ) ( ),  *
WT

tX s x dt
ss

t
+∞

−∞

− τ τ = ψ  
 ∫

1
                     (1)

In Equation (1), the continuous wavelet transform
is obtained based on two parameters of shift (τ)
and scale (s). In this relationship, ( )x t  represents
the input wave in terms of time, the mother function
is represented by ψ , and also * represents the
complexity of the function. As mentioned, the
scale and shift parameters change continuously.
Considering that in this article, the goal is to reduce
the time steps of the earthquake and convert it
into two waves with high and low frequencies, so
for this purpose, discrete wavelet transformation
has been used. In fact, by using discrete wavelet
transform, the waves can be divided into a series of
low-pass and high-pass filters. Therefore, in this
paper, the input wave, scale, and shift are all
discrete.

In practice, discrete wavelet transform is
implemented as a filter bank. This means that it
works as a sequence of low-pass and high-pass
filters. According to Figure (2), the number of

Figure 2. Discrete wavelet transform algorithm.

points is assumed to be N for signal S, which is
the earthquake acceleration wave in this article.
The S wave is converted into two high-pass (D1)
and low-pass (A1) waves using wavelet trans-
formation. The high-pass wave represents the
wave of details and the low-pass wave represents
the wave of approximations. Due to the fact that
the detail wave includes the high frequencies of
the earthquake, it can be removed by considering
a suitable approximation. By removing the detail
wave in each level, the number of input wave
points is reduced to half of the previous level. In
this way, in each level, the approximation wave
can be divided into two parts, low-pass and high-
pass, and in the next step, only the low-pass part
can be used. In references (Dadkhah et al., 2020;
Kamgar et al., 2021; Kamgar et al., 2020; Kamgar
et al., 2021; Majidi et al., 2022; Majidi et al., 2022),
this method is used as a suitable method to reduce
earthquake points. In this article, the earthquake
acceleration wave is filtered to five levels using
discrete wavelet transform according to the
method shown in Figure (2).

Due to the fact that wave A is more similar to
the main earthquake, this wave is used as a sub-
stitute for the main earthquake. Therefore, the
number of discrete points for waves A1 to A5 is
half, one quarter, one eighth, one-sixteenth, and
one thirty-second of the main record of the earth-
quake, respectively.

To demonstrate the filtering process, one of
Chi-Chi earthquake records is examined using the
discrete wavelet transform. This record is filtered
up to 5 levels using Haar wavelet function. The
number of points of this wave is 18,000. At each
level of the filter, a wave of approximations and a
wave of details is obtained. The number of wave
points of wave of approximations and wave of
details after the first level of filtering is 9000. Also
for the second to the fifth level, the number of
points is 4500, 2250, 1125 and 563, respectively.
Figure (3) shows the curves of the main earthquake
wave and the waves of approximations and details
at different levels of filtering. As can be seen in
Figure (3), the wave of approximations is very
similar to the main wave, both in appearance and
amplitude.

In this article, the wavelet functions of the
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Figure 3. Discrete wavelet transform for Chi-Chi earthquake.

Daubechies and Biorthogonal families are investi-
gated. Previously, only Daubechies 1 and 4 wavelet
functions were used in the articles related to this
field (Dadkhah et al., 2020; Heidari & Majidi,
2021; Kamgar et al., 2021; Kamgar et al., 2020;
Kamgar et al., 2021; Majidi et al., 2022; Majidi, et
al., 2022). However, in this article, a complete
review of the wavelet functions of the Daubechies
family, which includes 10 different wavelet
functions, is discussed. The Daubechies wavelet
functions are a family of orthogonal wavelet
functions. The Daubechies wavelet family is
represented by dbN in which N stands for the
wavelet order and db stands for Daubechies
(Daubechies, 1992).

It should also be noted that db1 is the Haar
wavelet functions. The other ten   members of this

group are shown in Figure (4).
Biorthogonal wavelet functions can be suitable

mother functions due to their good properties for
finding wavelet coefficients (Majidi et al., 2023).
Biorthogonal wavelets possess two key properties:
perfect reconstruction and a dual basis. These
properties minimize distortion during signal com-
pression and enable efficient representation of
both smooth and abrupt signal changes. Perfect
reconstruction ensures that the original signal can
be accurately reconstructed from its wavelet
coefficients. The dual basis property allows for a
complementary analysis, facilitating the capture of
various signal characteristics with high precision
and adaptability, making biorthogonal wavelets
widely used in signal processing and data com-
pression applications (Misiti et al., 1996).



JSEE / Vol. 26, No. 3, 202468

Noorollah Majidi, Alireza Jalili and Ali Heidari

Figure 5. Biorthogonal Wavelet Functions (schematic illustration).

Previously, these wavelet functions have been
used in generating artificial earthquake records,
damage detection, and earthquake frequency
analysis (Hémon & Santi, 2007; Mehr Motlagh et
al., 2021; Spanos & Rao, 2001; Teng et al., 2006;
Wang et al., 2011). As mentioned, the use of these
functions to down-sampling was first proposed
by Majidi et al. (Majidi et al., 2023) in 2023 and
it was shown that it can reduce the calculation
error in the third level of decomposition by more
than 3 times. However, in this study, the performance
of these functions is investigated in the fourth and
fifth levels of decomposition, Figure (5).

The following Table (1) is used to name different
mother wavelet functions. Based on the table
presented below, wavelet functions WT1 to WT10
are related to Daubechies wavelet functions. Also,
functions WT11 to WT24 are related to Biorthogonal
wavelet functions.

Figure 4. Daubechies Wavelet Functions (schematic illustration).

3. Numerical Methods Used to Analyze Single
Degree of Freedom Systems

The Figure (6) shows an ideal mass-spring
single degree of freedom system. The displace-
ment equation of this system is obtained using
the following relationship. In the vibrating system,
when the mass is moved by the amount u, the
elastic stretching of the column (spring tension) is
used to return the mass to its initial position, this
force ( fs

 ) in the column or spring is a function of
the displacement u is called spring stiffness. If the
system is elastic and there is no loss of energy,
the mass will vibrate forever, but in practice,
friction with the air, friction between the system
particles or in the connections, yielding of materials
and the formation of cracks and friction between
them causes the loss of vibration energy. Forces
that cause energy loss( fD

 ) are known as damping
(depreciation) forces.
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In Equation (2), parameters m, c and k represent
mass, damping and stiffness, respectively. Also, in this
equation, F(t) represents the external force in terms
of time.

( )mu cu ku F t+ + =&& &                                           (2)

Numerical methods are suggested to solve the
vibration equation for various types of dynamic
loading, especially if the force does not have a
specific mathematical function.

Numerical methods for solving vibration
equations are divided into three categories, which
include methods based on excitation function
interpolation, methods based on finite difference,
and methods based on acceleration changes
(Clough & Penzien, 1975; Hilber, 1976).  This
article reduces calculation costs by extending
the earthquake's time step. Thus, methods of
unconditional stability should be employed.

Therefore, in this article, methods based on
interpolation (Nigam & Jennings, 1968, 1969) and
the Newmark's average acceleration method,
which is a method based on changes in acceleration,
are used. In the following, the relationships related
to considering linear interpolation between the
earthquake data are presented in a summary form.

Table 1. 24 mother wavelet functions used in this study. Displacement and velocity are obtained from
Equations (3) and (4), respectively (Chopra,
2012).

1 1i i i i iu Ap Bp Cu Du+ += + + + &                               (3)

1 1i i i i iu A p B p C u D u+ +′ ′ ′ ′= + + +& &                          (4)

Also, the coefficients related to Equations (3)
and (4) are obtained from the following relations.
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Figure 6. Effective dynamic forces in a single degree of free-
dom systems.
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In the above relationships, the parameters k, ω, ξ
and ∆t are stiffness, natural frequency, damping,
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and time step respectively. Also, the second
method used in this article is Newmark's average
acceleration method, which is based on the
following relationships. In this method, γ and β
parameters are considered as 0.5 and 0.25,
respectively (Chopra, 2012).

1 1[(1 ) ] ( )  i i i iu u t u t u+ += + − γ ∆ + γ ∆& & && &&                 (11)
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4. Selected Earthquake Records

In this paper, the records provided by FEMA
P695 (Council, 2000) are used for dynamic analysis.
The records used in this article include the recorded
earthquakes in the far-field, near-field, and with
pulse. The magnitudes of the selected earthquakes
are between 6 and 8 on the Richter scale. Also,
the acceleration of most selected earthquakes is
from 0.11 g to 2 g. In the Table (2), the characteris-
tics of 50 earthquakes used in this article are
presented.

5. Analysis of Single Degree of Freedom
Systems with Different Wave Functions

In this part, to check the performance of
different wavelet functions, the response of the
single degree of freedom systems is investigated.
In this article, 201 single-degree of freedom
structures with a period between 0.05 seconds
and 10 seconds are analyzed. Therefore, by
examining 50 earthquake records and 201 single-
degree-of-freedom structures, more than 10,000
analyzes have been performed for each wave.
The results presented in previous researches have
shown that if a mother function is suitable for
linear analysis, if the numerical method is stable, it
is also stable for the nonlinear case (Dadkhah et
al., 2020; Heidari & Majidi, 2021; Heidari et al.,
2019; Kamgar et al., 2021; Kamgar et al., 2020;
Kamgar et al., 2021). Therefore, in this article,
only the linear mode method of different wavelet
functions is discussed. In this study, each earth-
quake is filtered up to 5 steps. Based on what was
said, in each stage of the filter, the number of
recorded points is reduced to half of the previous
stage. This issue makes it possible to increase the

time step of the analysis to the time step of the
approximate waves obtained from the wavelet
method, if there are no limitations related to the
time step of the numerical method. In order to have
a comprehensive study, in this article 24 mother
wavelet functions, 50 earthquakes, 201 single
degree of freedom systems and 5 approximate
waves for each earthquake have been examined.
All these analyses have been performed for both
Newmark's average acceleration and interpolation
numerical methods. At first, for the initial investig-
ation of the effect of the wavelet function on the
calculation error, the average error rate for 50
earthquakes and 201 periods is obtained from the
following relationship. In the following relationship,

,ie MainS  is the value of the acceleration response
spectrum obtained from the main earthquake
records in the i-th period for earthquake e and

,ie AxS  is the corresponding value obtained from
the approximate wave. In this article, Ax can be
A1, A2, A3, A4 or A5. In the following relation-
ships, n is the number of single-degree of freedom
systems of each spectrum and E is the number of
earthquakes.

, ,

1 1 ,

1 1 100
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mean
e i ie Main
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Er

E n S

E n

= =
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∑∑
  (13)

Based on Equation (13), the following figure is
presented for the error of different mother wavelet
functions and different numerical methods. In
previous studies from 2002 until now, the wavelet
method was used to reduce the sampling of
earthquake waves from the wavelet functions db1
and db4 (Dadkhah et al., 2020; Kamgar et al.,
2020; Kamgar, et al., 2021; Majidi et al., 2022). In
all these studies, the A3 wave has been suggested
as a suitable approximation to reduce the max-
imum cost of calculations, with a negligible error.
However, in none of the studies, more than 20
earthquakes have been investigated. Also, in some
of these studies, the A3 wave error has reached
more than 70% in some structures (Heidari et al.,
2019; Kamgar et al., 2021). Therefore, it can be
concluded that perhaps one of the reasons for the
error in these structures was the inappropriate
choice of the wavelet function. Based on a study
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Table 2. Characteristics of selected earthquakes.
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conducted on 10,000 single degree of freedom
systems, according to Figure (7), it can be concluded
that db1 and db4 are not very suitable functions for
down-sampling of earthquake records. The error
of the A3 wave for these functions is about
20% and 14%, respectively. Based on Figure (6), it
can be concluded that A3 waves obtained from
Daubechies wavelet functions are not very
accurate. In most cases, the error of these functions
for the A3 wave is more than 13%. Meanwhile, the
approximate waves obtained from Biorthogonal
wavelet functions work well in most cases.

According to Figure (3), it can be said that
the functions WT13 to WT21 have negligible error.
The error of these functions for making the  A3 wave
is less than 7%. However, the best wavelet function
for constructing the approximate A3 wavelet is the
bior2.6 wavelet function. The error that this wavelet
function introduces into the calculations to make the

Figure 7. Calculation error for different wave functions and
different numerical methods.

approximate A3 wave is about 2.5%. On the other
hand, the best wavelet function for making the
approximate wave A1 and A2 is bior6.8 and bior2.4,
respectively. The error that these functions enter into
the calculations to make the approximate wave A1
and A2 is 0.7 and 0.3 percent, respectively. In the
studies conducted in the past, the last reliable stage
for making an approximate wave, the third stage
(A3), has been introduced. But the results presented
in this article show that in the fourth stage of wave
decomposition (A4) dynamic analysis can be done
accurately by choosing the appropriate wavelet
function. In fact, if the A4 wave is made using the
appropriate wavelet function, it can introduce an
error of less than 2% into the calculations.

Based on the error criterion presented in
Equation (13), the best wavelet function and its
error for different numerical methods and different
approximate waves are presented in the Table (3).
According to the results presented in the Table (3),
it can be concluded that the best wavelet function
is the same in both numerical methods for different
approximate waves. On the other hand, for all
approximate waves A1 to A5, the best wavelet
function was from the Biorthogonal family. In
other words, the family of Daubechies wavelet
functions that have been proposed in various
studies in these 20 years has not performed the
best in any of the wavelet transform decomposition
levels. Also, based on the results presented in the
table below, it can be concluded that the Newmark's
average acceleration method has fewer errors.

If the wavelet transform is considered as a
smart way to remove the high frequencies of the
wave, it can be said that the accuracy of each
wavelet function can be recognized from the
Fourier spectrum. For this purpose, the average
Fourier spectrum of 50 earthquakes for the wavelet

Table 3. The best wavelet function for different approximate
wavelets.
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Figure 9. The average Fourier spectrum of the approximate waves obtained from the db4 wavelet function.

Figure 8. The average Fourier spectrum of the approximate waves obtained from the db1 wavelet function.

functions db1 and db4 proposed in previous
studies and the wavelet functions presented in
Table (3) are examined.

Due to the high error of  wave A5, the results
are presented only for waves A1 to A4. Based on
the results presented in Figures (8) and (9), it can
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be seen that the approximate waves A3 and A4
obtained from the functions db1 and db4 do not
have proper accuracy. In other words, the results
obtained from these functions are only acceptable
for A1 and A2. On the other hand, based on
Figure (10), it can be seen that the proposed
wavelet functions for each level of approximate
wave decomposition have appropriate accuracy.
Therefore, the frequency content of the approxi-
mate waves A1 to A4 is preserved by using the
proposed wavelet functions.

In order to show the effect of the wavelet
function on the calculation error of single degree of
freedom systems, in the continuation of the average
spectrum error of 50 earthquakes for the wavelet
functions db1 and db4 that were proposed in
previous studies and the average spectrum error
for the functions presented in table 3 according
to the relationship of 14 cases is reviewed. In the
following relationship, parameters ,i MainS  and ,i AxS
are respectively the average spectral response for
the spectrum obtained from main earthquakes and
the spectrum obtained from approximate earthquakes.
As shown in the graphs presented in Figure (7),
the A5 wave has an error of more than 18% for

Figure 10. The average Fourier spectrum of the approximate waves obtained from the wavelet functions presented in Table (3).

all wavelet functions, so it can be said that this
wave is not suitable for dynamic analysis.
Therefore, the results for the approximate waves
A1 to A4 and the Newmark's average acceleration
method, which had less error, are presented below.

, ,

,

(%) 100i Main i Aj
Spec

i Main

S S
Error

S
−

= ×                       (14)

The Figure (11) shows the calculation error
curve for two wavelet functions db1 and db4. As
can be seen, the calculation error is negligible only
for waves A1 and A2 with an error of about 1%
and 4%. The calculation error of A3 and A4
waves in these functions is about 20% and 50%
for most structures. Therefore, these functions can
only be used to make approximate waves A1 and
A2. This conclusion is contrary to the claims made
in previous articles. In previous studies that have
been conducted on a limited number of earthquakes
(often less than 5 earthquakes), the last suitable
filter stage for these wavelet functions, the third
stage filter (A3), has been reported. But the
results presented in this article do not confirm this
issue.
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Figure 11. Average spectrum error curve for db1 and db4
wavelet functions.

Figure 12. Average spectrum error for wavelet functions
Table (3).

In the following, the average spectrum error
results for the wavelet functions presented in
Table (3) have been examined. Based on the
results presented in the following Figure (12) for
the average spectrum error, it can be concluded
that the wavelet function bior6.8 with an error of
less than 1% is suitable for making approximate
A1 waves. The bior2.4 wavelet function is also
suitable for making A1, A2 and A3 approximate
waves with a lower error of 1.5%, 0.5% and 4%.
Also, the bior2.6 wavelet function is also suitable
for making A1, A2 and A3 approximate waves
with less error of 1.5%, 0.7% and 2.5%. None of
the bior2.4 and bior2.6 functions are suitable for
making the approximate A4 wave. But the wavelet
function of bior3.3 with an error of about 3%,
5%, 7% and 1.5% is suitable for making all the
approximate waves of A1, A2, A3 and A4.

In the following, the average acceleration
response spectrum of 50 earthquakes for wavelet
functions db1 and db4 proposed in previous
studies and wavelet functions presented in
Table (3) are examined. Due to the high error of
wave A5, the results are presented only for waves
A1 to A4.

Based on the results presented in the Fgures (13)
to (15), it can also be said that the wavelet

functions db1 and db4 are only suitable for making
approximate waves A1 and A2. Also, the results
presented in Figure (14) show that choosing the
appropriate wavelet function for each level of
decomposition can lead to an increase in the
accuracy of calculations in dynamic analysis.

6. Analysis of a 20-Story Structure

In the following, to investigate the effect of the
wavelet function on the accuracy of the calcula-
tions, the nonlinear response of the 20-story
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structure of SAC is investigated (Venture, 2000).
SAC frames have been used in many articles to
carry out studies on structures (Bitaraf et al., 2012;
Ghaffary & Moustafa, 2021; Hossain et al., 2013;
Jia et al., 2018; Nasab & Kim, 2020; Qiu et al.,
2020; Sepasdar et al., 2019; Shayanfar et al.,
2016). These structures include 3-story, 9-story,
and 20-story. The period of the first natural mode
of these structures is 1, 2.34 and 4 seconds,
respectively. In the investigation of single degree
of freedom systems, it was shown that the
accuracy of this category of methods depends on

Figure 14. Average acceleration response spectrum of
approximate waves obtained from wavelet function db4.

the period of the structure. On the other hand,
according to Figures (11) and (12), it was shown
that the maximum error occurs in a period of about
4 seconds. In this article, the 20-story structure is
used to evaluate the effect of wavelet functions on
the nonlinear response of the structure. OpenSees
software is used to model the structures. The
structures selected in this paper are two-dimen-
sional bending frames designed according to the
1994 UBC design requirements (Gupta &
Krawinkler, 1998; Venture, 2000). The structure is
shown schematically in the Figure (16). For more

Figure 13. Average acceleration response spectrum of
approximate waves obtained from wavelet function db1.
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Figure 15. Average acceleration response spectrum of
approximate waves obtained from wavelet functions
presented in Table (3).

Figure 16. View of the 20-story SAC structure.

information on the details of the structures, refer
to (Venture, 2000).

As mentioned in this paper, OpenSees software
is used to model structures for nonlinear dynamic
analysis of structures. One of the default materials
(Steel 01) has been used to model the behavior of
materials. The strain stress curve for steel 01 is as
shown in Figure (2). Also, the hardening model of
this material is kinematic (Mazzoni et al., 2006).
Damping parameters of the structure are also
obtained based on the Rayleigh method. To model
structural components, sections were considered

as fibers. Also, Newton-Raphson was chosen as
the algorithm used for iterative nonlinear analysis.
The value of tolerance in the nonlinear solution
was also considered 10-8.

In the Figure (17), the parameters Fy, E0, and
b represent the yield stress, modulus of elasticity,
and strain-stiffness ratio, respectively. In this paper,
the yield stresses for the beams and columns are
3.39 x 105 KN/m2 and 3.97 x 105 KN/m2, respectively.
The modulus of elasticity for beams and columns
2.00 x 108 KN/m2 is also considered. Parameter b is
also assumed to be 0.0001 for beams and columns.
In this article, due to the fact that earthquakes
have different PGAs and frequency content, it can
be said that the investigated earthquakes include
different intensities. In the following, the response
spectrum of different earthquakes and the average
mean response spectrum are presented, Figure (18).

To check the performance of different wavelet
functions in multi-degree-of-freedom structures,
three criteria are checked. These three criteria
include maximum roof displacement error, story
drift error, and foundation cut error. To obtain
the said error criteria, Equations (15) to (18) are
presented.

(%) 100
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i i
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−
= ×                          (15)
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Figure 18. Response spectrum of earthquakes and mean re-
sponse spectrum.

In the above equations, i and j are the earth-
quake counter and the story of the desired structure,
respectively. Also ,  ,  ,  ,  i i ij ij iMd Ad Mdr Adr Mb
and ,iAb  respectively, the amount of roof dis-
placement for the main wave of the earthquake i,
the displacement of the roof for the approximate
wave of the earthquake i, the drift of the story j
for the earthquake i for the main wave, the drift
of the story j for earthquake i for the approximate
wave, base shear for the main wave of the earth-
quake i and base shear for the approximate wave
of the earthquake i. Parameters N and S indicate
the number of earthquakes and the number of
story of the structure. In this article, N and S are
equal to 50 and 20, respectively. The parameters

,  ,  ,
iDi ij DrEr EDr Er  and 

iBEr , respectively, indicate
the displacement error of the roof for the desired
earthquake in a structure, the drift error for the
story j and for earthquake i, average drift error of
all stories for earthquake i and base shear error for
earthquake i in the structure.

Before the error of different earthquakes is
examined, the median drift curve and average
mean drift curve are examined. Also, in this
structure, according to Fema-356, the amount of
drift for the IO level is from 0 to 0.7%, for the LS
level from 0.7 to 2.5%, and for the CP level from
2.5 to 5% (Council, 2000). The earthquakes
studied in this article consider all seismic levels.
Therefore, the maximum floor drift is between
0.1% and about 6%. In Figure (19), the average
mean drift and median drift curves for different
wavelet functions are shown.

The results obtained from Figure (19) confirm
this fact that in the analysis performed by the
approximate wave A4 obtained from the wavelet
functions db1, db4, bior6.8, bior2.4 and bior2.6, the
analysis diverges in many cases and also leads to
providing large values for drift. In fact, the results
of the analysis for the A4 wave obtained from
these functions have caused the divergence of
the analysis in most cases. Also, the results
presented in Figure (20) show that A3 and A4
waves obtained from wavelet functions db1, db4
and bior6.8 do not have proper accuracy. It can
also be seen from this figure that the wave A1 to
A3 obtained from bior2.4 and bior2.6 has a good
accuracy. All the approximate waves obtained

Figure 17. A behavioral model of steel 01 (Mazzoni et al.,
2006).
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Figure 19. Mean drift curve for different wavelet functions.

Figure 20. Median drift curve for different wavelet functions.
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Figure 21. Roof displacement error.

from the wavelet function of bior3.3 have good
accuracy. Figures (19) and (20) show that both
the mean drift and the median drift for the
approximate waves obtained from the wavelet
function bior3.3 have good accuracy.

In the following, displacement error, drift error
and base shear error for different earthquakes are
shown. As shown in the Figure (21), the error of
waves A3 and A4 is higher than the rest of the
waves in all functions. According to the Figures (21)
to (23), it can be seen that all the error criteria are
close to each other in most cases. However, the
base shear error is less than the others. For better
conclusions about different wavelet functions,
the cumulative distribution function (CDF) curve
for the drift error is presented below. In the
Figure (24), the CDF curve for different wavelet
functions is presented.

According to Figure (24), it can be seen that
the wavelet functions db1 and db4 are only
suitable for making approximate waves A1 and A2.
Based on the required accuracy, the best wavelet
function can be determined statistically from the
analyses performed. If the error of 5% is considered
as the maximum calculation error, the best wavelet

functions for constructing the approximate wave
A1 are the wavelet functions bior6.8, bior2.4 and
bior2.6. Also, based on this error, the best wavelet
function for making the approximate wave A2 is
the wavelet function bior2.4. For making the approxi-
mate wave A3, the best wavelet function is bior2.6.
Based on the maximum error of 5%, the best
wavelet functions for constructing the approximate
A4 wavelet are db4, bior2.4, bior2.6 and bior3.3
wavelet functions. Therefore, it can be concluded
that the results obtained for making approximate
waves in multi-degree-of-freedom structures are
also very close to single-degree-of-freedom
systems. Therefore, it can be said that to choose
the best wavelet function for different earthquakes,
one can use the analysis of single degree of freedom
systems. In the Table (4), the results for different
CDFs are presented. In fact, from the results
obtained from the structural analysis of several
degrees of freedom used in this article, it is possible
to choose the appropriate wavelet function
according to the required accuracy. In the
Table (4), the CDF value for 5, 10, 15 and 20
percent errors is presented. In fact, the Table (4)
shows the reliability of each approximate wavelet
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Figure 22. Drift error.

Figure 23. Base shear error.

for each wavelet function. For example, the CDF
value of the approximate A3 wave for the db1
wavelet function is 34% if the error is less than

5%. This means that in only 34% of earthquakes,
the calculation error for this approximate wave
and this wavelet function was less than 5%.
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Figure 24. CDF curves for different wavelet functions.

Meanwhile, this value for the bior2.6 wavelet
function was about 56%. This means that if the
bior2.6 wavelet function is used, the error of the
approximate A3 wave calculations was less than
5% in 56% of the earthquakes.

As mentioned, the purpose of reducing the
sampling of earthquake waves is to increase the
time step of the earthquake and, as a result, to
increase the time step of the solution. Therefore,
by increasing the time step of the solution, it is
possible to reduce the cost of calculations and

increase the speed of calculations. To show this,
the figure below shows the analysis time of a
20-story structure for 50 earthquakes. As shown in
the Figure (25), if the main earthquake is used to
analyze the structure, the analysis time will take
about 330 minutes. This is despite the fact that if
the approximate waves A3 and A4 are used
instead of the main earthquake, the analysis time
will be about 50 minutes and 30 minutes. This
means that using the approximate A4 wave can
reduce the calculation cost by more than 90%.
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Figure 25. The cost of calculations for the analysis of 20-story
structures.

7. Future Research Plan

In this article, it was shown that the use of
wavelet-based down-sampling methods can sig-
nificantly reduce the cost of calculations. As a
perspective for the future, this topic can be
developed in the following areas:
1. Examining the proposed method for nonlinear

dynamic analysis of concrete structures
2. Combining wavelet-based down-sampling

methods with other methods
3. Evaluation of wavelet-based down-sampling

methods in regular and irregular three-dimensional
structures

8. Conclusion

In this paper, for the first time, the simultaneous
effect of wavelet function and numerical solution

Table 4. CDF for different wavelet functions and different approximate wavelets.

of vibration equations on the accuracy of wavelet-
based dynamic analysis calculations was investi-
gated. For this purpose, first, 50 earthquake records
and 24 wavelet functions were selected. Then,
single degree of freedom systems with a period of
0.05 to 10 seconds were investigated. In the
next part, the effect of wavelet functions on the
calculation accuracy of a 20-story frame was
investigated. Based on the analysis, the following
results were obtained.
- Based on the results obtained from different

wavelet functions, it can be seen that the
decomposition at level 5 (A5) with an error of
more than 80% is not suitable for dynamic
analysis.

- The Daubechies family wavelet functions, used
in previous studies, are only suitable for the
first (A1) and the second (A2) levels of
decomposition. The error of the appropriate
wavelet function of this wavelet family for
these decomposition levels is often less than
5%.

- Using the appropriate wavelet transform can
reduce the calculation error up to 10 times. For
example, the average error of the approximate
wave response spectrum A3 for the db1 wavelet
function is about 20% and for the bior2.6
wavelet function is about 2%.
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- Based on the results obtained from the analysis
of the 20-story structure, Figure (19) confirms
that the analysis using the approximate wave
A4 derived from certain wavelet functions like
db1, db4, bior6.8, bior2.4, and bior2.6 often
diverges and yields high drift values. Conversely,
A4 from bior2.4 and bior2.6 provides accurate
results. Figure (20) reveals that A3 and A4 from
db1, db4, and bior6.8 lack accuracy, while A1
to A3 from bior2.4 and bior2.6 demonstrate good
accuracy. Notably, all approximate waves from
bior3.3 exhibit good accuracy in both mean
and median drift, as depicted in Figures (19)
and (20).

- The analysis of a 20-story structure indicates
that wavelet functions db1 and db4 are suitable
solely for generating approximate waves A1 and
A2. Statistical assessment reveals bior6.8,
bior2.4, and bior2.6 as optimal for constructing
A1 with a 5% maximum error. Bior2.4 is best
for A2, bior2.6 for A3, and db4, bior2.4,
bior2.6, and bior3.3 for A4. This suggests that
results for approximate waves in multi-degree-
of-freedom structures closely align with
single-degree-of-freedom systems. Thus,
single-degree-of-freedom system analyses can
guide the selection of wavelet functions for
various earthquakes. The presented CDF
illustrates the reliability of each approximate
wavelet for different wavelet functions, such as
34% for db1 and 56% for bior2.6, indicating the
frequency of earthquakes where calculation
errors are less than 5%.

- In the analysis of the 20-story structure, it was
shown that the cost of calculations can be
reduced by 90% using wavelet transform with
an acceptable error.

- For the application of this method in engineering
problems in order to analysis various structures,
 if the maximum error of 10% is accepted as
an acceptable error, it is suggested to use two
level of decomposition of the approximate
waves obtained by the wavelet method. In this
case, the cost of calculations can be reduced
by more than 70%.
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